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1. Introduction

In this paper we consider the extinction probability of multitype branching processes in random
environments {Z, },_,, formally defined starting in Section 1.5. Our main theorem (Theorem 4.4) states
that, under mild conditions, the positivity of the Lyapunov exponent corresponding to the expectation
matrices determines the positivity of the survival probability. Similar results had already been established
(see the next subsection), we extend the scope of these results and show an application in fractal geometry,
where the extension we give is necessary.

Informally, a branching process is:

o multitype if each individual has a type and the type determines the distribution according to which
it gives birth to different types of individuals;

o temporally non-homogeneous or in varying environment if we allow the offspring distribution to
change over time in a predefined deterministic manner; and

e in a random environment if the temporal non-homogeneity is non-deterministic.

More precisely, let N > 2 (the number of types) and assume we are given a stationary ergodic sequence
{61} ,,>1 of random variables called the environmental sequence. For the definition and properties of a
stationary ergodic sequence see (Karlin and Taylor, 1975, Chapter 9.5.). For almost every realization, we
consider the associated sequence of N-dimensional vectors of N-variate probability generating functions

(pgfs)
£, = (£ £V " 9))}

n>1
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The i-th component f(gi) (s) of fg, (s) is

N-1
@)= L1 [ ] sk fors=(so,. .o snv1) € 0,11V, §=(os - v -1)
k=0

jeny

where fg(:;) [j] is the probability that a level n — 1 individual of type i gives birth to j individuals of
type k in environment 6,,. B
If we condition on a realization § = (6,,),,» of the environmental process then

(o8]

{z,,(é) - (z,ﬁ‘” @),...,z\N "D (5))}

n=1

behaves like an N-dimensional temporally non-homogeneous branching process, where Z,gi)(é) is
the number of type i individuals in the n-th generation in environment 6. In this way the offspring

distribution of a type i individual in the n-th generation is given by the pgf f, (@)

Ot For a 6,, we consider
n+
the (N X N) expectation matrix Mg, ,

(i)
0 o,

Mo, (i.)) = —=
J

1),

where 1 € RV is the vector with all components equal to 1. For a non-negative matrix M let | M|
denote the sum of all of its elements. The Lyapunov exponent corresponding to the matrices and the
environmental sequence is

1
A:= lim —log|[Mg, ---Mg, |l
n—oon

where the limit exists and is the same constant for almost all (6,),,» 1, see Appendix C for more details.

1.1. Our result in a special case

In the special case where 8 = (6,,) n>1 1s a stationary ergodic process over a finite alphabet, our result
implies the following:

Theorem 1.1. Assume that

(a) 6= (0n),>1 is a stationary ergodic process over a finite alphabet [L] :={0,...,L —1}.
(b) For every 0 € [L] the expectation matrix My is allowable, i.e. it contains a strictly positive
number in each row and column.
(c) There exists an n and a (01,...,0,) € [L]" such that all elements of the product matrix
My, - - - My, are strictly positive.
Pl

(d) There exists a K < oo such that for every 6 € [L] and i, j, k € [N], Tgbl(l) <K.

Under these conditions we have:

L. If 1> 0 then in almost every environment 0, starting with a single individual of arbitrary type, the
process L, (0) does not die out with positive probability. Moreover, lim,,_,c n~ ' log(||Z,|]) = A,
conditioned on the process does not die out.
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2. If A <0 then in almost every environment 0, starting with a single individual of arbitrary type, the
process L, (0) dies out almost surely.

3. If A =0 and with positive probability we can find 0 such that for every type i the probability
that a type i individual gives birth to only 0 or 1 child is less than 1 (i.e. for all i fg(l) [0] +
2je[N] fél) [e;] < 1) then starting with a single individual of arbitrary type, the process L, 6)
dies out almost surely.

In the text, the proof of part 1 is given in Corollary 4.6 and 4.10, for the proof of part 2 and part 3 see
Corollary 4.9 and Lemma 4.8.

1.2. Corresponding literature

For a recent and detailed survey about MBPREs see Vatutin and Dyakonova (2021). For the convenience
of the reader we give a short description of the literature here as well. The extinction problem for
MBPREs was investigated in (Athreya and Karlin, 1971, Theorem 8). They proved that under some
conditions in almost every environment:

A <0 = almost sure extinction, and 4 > 0 = survival with positive probability. (1.1)

The conditions of (Athreya and Karlin, 1971, Theorem 8) include the assumption that for every 6 and
i, j we have Mg (i, j) > 0. In the same year in Weissner (1971) and later in Tanny (1981) this assumption
was weakend—they required that there exists a k such that for all 61, . .., 8 of positive probability the
corresponding product of the expectation matrices is strictly positive, i.e.

3k, VOy,...,0, with v(0y,...,0;) >0, Vi, j: (Mgl Mgk)(l,]) >0, (1.2)

where v is the distribution of the environmental sequence (see Definition 2.5). This condition always
fails in the case that at least one of the matrices is triangular and the environment is an i.i.d. sequence
(assuming that every letter has positive probability). In particular this happens in our motivating example
described in Section 1.3. In this note we weaken the positivity assumptions. More precisely, we assume
that

e cach of the expectation matrices is “uniformly” allowable (see Definition 4.1, which always holds
when we assume that the underlying alphabet is finite, and all of our matrices have a strictly positive
element in every row and every column) and

e we require (Cf. (1.2))

3k, 3601,...,0; with v(0y,...,0;) >0,Vi,j: (Mg, ---Mg,) (i, j) > 0. (1.3)

1.3. Application to random self-similar sets

Our motivation to consider multitype branching processes in random environments (MBPREs) comes
from the theory of random self-similar sets. These sets are generalizations of the Mandelbrot percolation
(or fractal percolation) set in a sense that we run a similar random process on the cylinder sets of a
d-simensional self-similar IFS, the IFS is usually denoted by S and the probability parameter is denoted
by p. See subsection Random Sierpinski carpet below for a more detailed explanation. In the application
of MBPREs to random self-similar sets in most natural cases the finite set of induced expectation
matrices contain triangular matrices. Hence, the positivity conditions of the already existing results are
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not satisfied. Namely, no power of a triangular matrix is strictly positive. We present this application on
a concrete example: the 45-degree projection of the random Sierpiniski carpet. Many other examples of
random self-similar sets for which the theory has been applied can be found in Orgovanyi and Simon
(2024).

The positivity of Lebesgue measure of this projection depends on the extinction probability of a
corresponding multitype branching processes in finitely generated random environment (where at each
step we choose the driving distribution from the same finite family of distributions uniformly and
independently). The survival of these type of multitype branching processes is addressed in Theorem 1.1
1. The explanations corresponding to this connection between the Lebesgue measure of the projection
of the random Sierpifiski carpet and an MBPRE given in this section are heuristic, their purpose is to
enlighten the underlying ideas. Eventually the connection between MBPREs and random self-similar
sets and the numerical estimation of the Lyapunov exponent for the expectation matrices done by
Pollicott and Vytnova leads to the following proposition, which in more detail is repeated at the end of
this section. Here p denotes the probability parameter of the random system.

Proposition 1.2. There exists a p. € [0.3745...,0.386...] such that the 45-degree projection of the
random Sierpiniski carpet has positive Lebesgue measure almost surely conditioned on non-extinction if
and only if p > p..

The random Sierpiniski carpet was introduced in (Dekking and Meester, 1990, Example 1.1), projec-
tions of similar random constructions have been studied, for example in Falconer (1989) and Falconer
and Grimmett (1992) and in particular positivity of Lebesgue measure of projections (only onto the
coordinate axes, which require a different treatment) of such sets has been considered in Dekking and
Grimmet (1988). The size (existence of interior points and positivity of Lebesgue measure) of algebraic
differences of 1-dimensional random Cantor sets has been investigated in for example Dekking and
Simon (2008), Méra, Simon and Solomyak (2009).

Deterministic Sierpiniski carpet
The deterministic Sierpinski carpet is the attractor of the iterated function system (IFS)

7

SZ{S,’(X)Z%X+|Z[} ,
i=0

of finitely many contracting maps in R?, where {r; Z:o is an enumeration of the set {0, 1/3,2/3}%\
{1/3,1/3}. For the first level approximation, see Figure 1a. For more details on iterated function systems
see Barany, Simon and Solomyak (2023).

Random Sierpiriski carpet

Now we give an informal description of how to obtain the random Sierpifiski carpet. First, we fix a
probability parameter p € [0, 1]. In a given square we repeat the following two steps:

e We subdivide the square into 9 congruent subsquares and discard the middle one to achieve the
first level approximation of the deterministic Sierpiiski carpet. (For the first level approximation of
the deterministic Sierpifiski carpet see Figure 1a.)

e Each of the remaining 8 congruent squares is retained with probability p and discarded with
probability 1 — p independently of each other. (For a possible realization of this step see Figure 1b).
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(a) Sierpinski carpet. (b) Realization (level 1). (c) Realization (level 2).

Figure 1

U

.:10/1 2

(a) Upper and lower triangle. (b) Types and columns. (c) Zeroth columns.

Figure 2

We start with the [0, 1]% unit square, and repeat the above-described process in the retained cubes
independently of each other ad infinitum, or until there are no cubes left. For a realization of a level 2

approximation see Figure 1c. Formally the construction is defined for example in (Orgovanyi and Simon,
2023, Definition 1.1).

Projection and multitype branching processes in random environments

Here we give an informal description of how to obtain the MBPRE corresponding to the 45-degree
projection of the random Sierpinski carpet. To investigate the 45-degree projection of the random
Sierpinski carpet instead of analyzing the birth and death processes in squares, it is more practical to
subdivide the square into two triangles as shown in Figure 2a for the level zeroth and 2b for the level
1 triangles (in the deterministic Sierpifiski case, before the randomization) and analyze the process in
terms of triangles. This strategy can be familiar from for example Dekking and Simon (2008) and Méra,
Simon and Solomyak (2009). We begin by identifying the types and the environments.

Consider the two level O triangles, U (as upper) and L (as lower) shown in Figure 2a. These are the
prototypes of the two rype U and &. Every triangle that will occur in the process is of type W or type
L. Upper facing triangles are of type U and lower facing triangles are of £. (More precisely, upper
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and lower facing triangles are the rescaled and translated version of the level O triangles, U and L
respectively.)

The 6 level 1 columns are the stripes which are bounded by 2 consecutive of the 7 45-degree lines
going through the vertices (the lines are the thicker lines of Figure 2b). We number these columns
according to Figure 2c.

The columns are the building blocks of the environments. In level 1, both level O triangles (U and
L) are subdivided into 3 columns, containing 1/3-rd smaller upper and lower facing triangles (Figure
2b), numbered as shown in Figure 2c. For each level 1 triangle we consider the corresponding level 2
sub-columns in an analogous way—the lines defining the level 2 columns (for the level 1 upper and
lower triangles in the framed area) are drawn with thinner lines on Figure 2b. In levels deeper than
the zeroth the upper and lower triangles in a given column are always positioned in a way, that their
sub-columns pairwise coincide, as shown in Figure 2b; for example here on Figure 2b inside the red
dotted area a level 1 upper and a level 1 lower triangle is visible, considering their next-level columns, it
is clear that these column-boundaries coincide. For this reason hence we pair the 3 sub-columns of the
upper and the 3 sub-columns of the lower triangle already in level 0, in the way that the corresponding
column boundaries coincide. The result is 3 pairs of columns which we identify with the numbers 0, 1,2
as depicted in Figure 2c. Inside a level n column-pair we again have 3 column-pairs. The environment
is an infinite sequence of column-pairs, eventually determining exactly two sections: one in the zeroth
level U and one in the zeroth level L triangle. This particular numbering comes handy, because if we
rescale the projection to [0, 2] then the projection of the level 0 U and L triangles are the intervals [0, 1]
and [1, 2] respectively, inside which the environmental sequence gives the triadic code of the point.

For example, in the randomized case in Figure 2c¢ the zeroth column in a particular realization is
highlighted. The particular realization is the first level of a random Sierpinski carpet from Figure 1b
which we further inspect now using Figure 2c. We focus on the number 0 column-pair. The level-1
type U triangle contains one level-2 type U with probability p (this is the case in this realization), and
nothing with probability 1 — p. The number O column of the level O type £ triangle, however, contains
two level 1 type M and one level 1 type & triangle in this realization. Here the number of type U and £
triangles both follows a binomial distribution with parameters 2 and p.

Wherever we are in the process in a number 0 column the expected number of level n + 1 type
U triangles in one retained level n type U triangle is p. The expected number of level n + 1 type £
triangles and of level n + 1 type W triangles in a retained level n type £ triangle are both 2p. We use the
terminology that a level n + 1 triangle is the child of the level n triangle containing it (and the containing
triangle is the parent). We summarize the above information in an expectation matrix, indexed with zero
to denote that we are in the number O column-pair,

1 0
M0=P[2 2]

in which the first row corresponds to the parent type U, while the second to the parent type € triangle,
and the columns of the matrix correspond to the number of children of type U and £. For example the
first element of the second row gives the expected number of child type U triangles given birth by a type
L triangle.

The expectation matrices corresponding to the other two columns are

2 1 2 2
MIZP[I 2], M2=p[0 ]]

When the survival probability of the MBPRE, informally described above (with two types: 2 and
£, and environments described by infinite sequences of the three column-pairs numbered by 0, 1,2),
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is positive then the Lebesgue measure of the 45-degree projection of the Sierpinski carpet is also
positive (almost surely conditioned on the set being non-empty). The assumptions of Theorem 1.1 are
satisfied: the environmental process (uniform and i.i.d. over the alphabet [2]) is stationary and ergodic,
the expectation matrices are allowable, M is strictly positive, and assumption (d) is trivial. It is also
clear, that for all n € N, we have Mg(l, 2) = 0. Therefore, condition (1.2) does not hold and the results
preceding this paper are not applicable. The Lyapunov exponent (1) in this case is estimated by Pollicott
and Vytnova (based on personal communication in 2023, and can be found in Pollicott (2023)) to be
0.953 +1log(p) <A1 <0.982+1og(p). We present the following proposition, which summarizes the usage
of these theorems to the random Sierpifiski carpet, without proof. A precise exposition of the connection
between the geometry and the branching process, as well as the proof of an analogous statement for a
broader class of random self similar sets is given in (Orgovényi and Simon, 2024, Theorem 3.4.).

Proposition 1.3 (Application of the result to the random Sierpinski carpet). Let p € [0, 1] and let
My, M, M, be the expectation matrices defined above. Then the 45-degree projection of the random
Sierpinski carpet has positive Lebesgue measure almost surely conditioned on non-extinction for a
given parameter p if and only if the corresponding MBPRE in a uniform environment does not die
out with positive probability if and only if the Lyapunov exponent A, corresponding to the uniform
{1/3,1/3,1/3} measure on [2]V is positive.

Hence, by the above estimation of Pollicott and Vytnova there exists a p. € [0.3745...,0.386...]
such that the random Sierpiniski carpet has positive Lebesgue measure almost surely conditioned on
non-extinction if and only if p > p..

Note that it is well known that the Hausdorff dimension of the random Sierpinski carpet is
log(8p)/log(3) almost surely conditioned on the set being non-empty. Combining this with the above
we get that there exists an interval of p-s so that the dimension of the set is already exceeds 1 (i.e.
p > 0.375); however, the projection has 0 Lebesgue measure.

1.4. Structure of the paper

For the remainder of this section, we introduce the notation that we will use throughout this paper. Then,
in the second section, we define the multitype branching process in varying and in random environments,
and we state our main results precisely. The remainder of the paper is devoted to the proof of the main
theorem.

Our introduction of multitype branching processes in a random environment in Sections 1.5-2.2
follows closely that of (Kersting and Vatutin, 2017, Chapter 10) with slight modifications in the notation.

1.5. Notation

For k > 0, define [k] :={0,...,k — 1}. We denote the vectors and matrices by boldface letters; in
particular

0:=(0,...,00 1:=(1,...,1)and e;:=(0,...,0,1,0,...,0).
~—— ~——
i N-i-1
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For two N-dimensional vectors u = (ug,...,uny_1) and v = (vg,...,vy_1) and the N X N matrices

U= (uij)ijerny and V= (u; ;)i je[n let

N-1

u-vi=ugvo+-+FUN_IVN-I uvznu;iand (1.4)
i=

usv . . u; <v; ..

U<V if and only if ui; < Vi for all i, j € [N]. (1.5)

We further use the strict equality version of (1.5), when all < is replaced with <. Given the functions
f=(FO, .., Ny (f, = (fl.(o),...,fi(N_l))},-ej and f,f; : RY — RN and g : RV — R for some
N € N we write

e for K € N,K >0 let gX be the product of g with itself K times and
o for0<K=(Kp,...,Kn_1) eNVN let fK = () Ko  (f(N=1)Kn-1,
o for@=(61,...,0,) €I" we write fg :=fg, o---ofg,.

The convention throughout the paper is to denote vectors and matrices by boldface letters, infinite vectors
are also overlined to be distinguishable from finite vectors. Some further notation we use throughout the
paper, and the place of the first occurrence:

symbol explanation link
o N X N non-negative, allowable matrices Sec. 3
1 Lyapunov exponent corresponding to the expectation matrices and the | Def.
ergodic measure v 32
A column-sum exponent corresponding to the expectation matrices and the | Def.
ergodic measure v 33
a the uniform allowability constant “.1)
My expectation matrix in the environment 6 2.7
Ag,p Ag is the p-decreased expectation matrix 6.1
/W, Wk {(k,i,6) € [N]>x I :Mg(k,i) >0} and {i € [N] : (k,i,) € W}
1 (s) 1-rc(Mp) - (1-5) (5.6)
ry(B),cx(B) | the k-th row and column vector of a matrix B, respectively
25" (9), 20(8) | 1-1x(Ag)-(1-9) and (g5 (5),. ...y " (9)=1-Ag(1-s) resp. | (5.4)
Bs {s€[0,1]N : |1 = sl < 6} (5.7)
¥(s) (5.9
R(1), R€ (1) {se€ 0,11V :|s|| <t} and {s € [0, 1]" : ||s|| > ¢} resp. (5.11)
O (1) N-—-Nw+wt (5.15)
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2. Introduction to multitype branching processes

We now introduce some preliminary notation regarding the N-type branching process for N > 2. Denote
by P (N{) the probability distributions on N{Y. Furthermore, we identify the distributions in # (N{")
with their probability generating functions (pgfs) f. That is, the pgf f corresponding to the distribution

fep (Ng’ ) is denoted by:
f(s) = Z flz]s%, forse [0,1]V, @.1)
zeN}Y

where f[z] is the probability of {z}, for z=(zg,...,z2n-1) € N(])V . Throughout the paper we will only
use this notation to pgfs, we will not consider the density or the cumulative distribution function.

We consider the N-dimensional vectors of probability measures which are identified by the vectors of
their pgf

£= (£, N e i) xxPi)) = PN (). 2.2)

2.1. Multitype branching processes in varying environments

On the underlying probability space (2,7 ,P) we define the N-type branching process in varying
environment for an N > 2.

Definition 2.1. A sequence v = (f},f,...), of N-dimensional probability measures f, = ( f,fo) yeens

fn(N_l)) on N(])V is called a varying environment.

2.1.1. Alternative description of the process

Assume that we are given a varying environment v = (f;,),,» of N-dimensional probability measures.
For eachi € [N] and n > 1 there is an offspring vector random variable

Yy = (Y,E")(O), R QA 1))

such that
P (Yff) = y) = frfi) [y], foreveryye N(I)V.

Now we define {Z,}, o the N-type branching process in the varying environment v. We start at
level 0, where the number of different types of individuals is deterministic and is given by zg :=

(zéo), e ,z(()Nfl)), that is Zg := zg. The n-th element of the process is the vector random variable

Z,=(z\",...,zN"V), where Z\" is the number of level n individuals of type i. Given Zy, . . ., Z_,
we define Z,, as follows.
We consider the sequence of vector random variables

@) _ () (i) g . @)
{YM - (Yj’n(O),...Yj’n(N— 1)) ie[N], je {1,...,zn_l}},

(a) {Y;’L} ~are independent of each other and Z,,_1, and
i

(b) Y Ly
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Informally the meaning of the £-th component, ¥ (l,)l (€) of Y(.izl is the number of type ¢ children of
the j-th individual of type i in the n — 1-th generation. Then the vector of the numbers of various type
level-n individuals is

N-1Z,
znz(zf,(’),...,z,(,N‘”) =5y v 2.3)

jn’
i=0 j=1

—_

where recall that Z,(li) stands for the number of type 7 individuals in the n-th generation.

Definition 2.2. Formally, the stochastic process Z ={Z, },>0 is called N-type branching process with
varying environment v if for any z € N(I)V

Poo (Zn =221, 1) = (7] 2]

where we write P, 3 instead of P to emphasize the initial population size z and the fixed (deterministic)
environment V.

The inductive description above and the description using pgfs are connected by Fact B.1 in Appendix
B.

2.2. Multitype branching processes in a random environment

In this section we describe the generalization of the above process, by instead of considering a fixed
deterministic environment we consider random environments. Conditioning on the environment, the
process behaves as a multitype branching process in a varying environment. We endow P (NéV ) with
the metric of total variation (see (Kersting and Vatutin, 2017, p. 260)) and with the respective Borel
o-algebra. Hence, we can speak about random N-dimensional probability measures. These are random
variables taking values in PV (N(])V ) of the form

F=(FO,.  FND),
where the components are the pgfs

F@(s) := Z FD[z]s%, i e [N]. (2.4)

N
zeN)

Definition 2.3. A random environment is a sequence V=(F,) n>1 of N-dimensional random probability
measures taking values in PV (N(])V ).

Now we introduce multitype branching processes Z in random environments as follows: first we

consider a random environment V = (F,,),,> 1. For a realization v = E)ps1= ((f,fo), e ,f,fN_l))) )
- nx

of V, Z evolves as an N-dimensional temporally non-homogeneous branching process, where the
offspring distribution of a type i individual on the n — 1-th generation is governed by f,fl) ).
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Definition 2.4 (MBPRE). We say that the process Z = (Zn = (Z,(,O), ey Z,(,N_l))) taking values

neNgy

in N(I)V is a multitype (N-type) branching process in the random environment V = (Fn)n>1 (MBPRE) if
for each realization v = (f,,),,>1 of V and for each g,y . . .,2x € Név

P(Z1 =zl,...,Zk=zk|Z0=zo,‘7=V) =P, v(Zi=21,.... Zr=12;) as,

where P, 5 denotes the probability measure corresponding to the N-type branching process in vary-
ing environment v with initial distribution Zy = z. We write P () and E () for the probabilities and
expectations in random environments.

From this it follows that for each realization v = (f},),,> and z,zg € N(])V
p (Zn =2 Zo=20,Z1 =21, Dy =21,V = v) - (fEl) [z] as. 2.5)
from which we can conclude, that

B (s%1Z0 =20,V =¥) =f1 (f2(-+- (£a(9) )", 2.6)

2.3. Our principal assumptions

From now on we restrict ourselves to the case when the environment is coming from the infinite product
of a countable set of distributions from PV (N(])V ).

Namely, fix a countable set {f,},,c 7, £, € PV (N(IJV ) indexed by the set Z. This is the set of possible
values of F,,. In this way, the random environment Y is a random variable which takes values in
(£, ie I}

It is more convenient to identify the environments with their “code” from 1 N and refer to the code
instead. Namely, we define the map

@: {f,nelN -1"=3% @(f.fo,...):=(61,02,...).

Definition 2.5. The probability space (£, A, v) with the shift map o is defined as

(a) T=1N,

(b) A is the usual o-algebra on X, .

(c) v := ®,m, where m is the distribution of the environmental variable, V. That is v(H) =
m(dle), for any Borel set H C Z;

(d) and for@ = (0,60,...) €2, o(8) := (6,063,...).

We will refer to an environment as 6 = (6,65, ...) € X instead of (fo,.fo,,...), and we write Z,, 6)

for Z,, in the environment 6.
In our most important application we usually consider the following special case.

Example 2.6. When X = [L]" for some 2 < L € N and the environmental sequence vV is i.id. then we
have a probability vector p = (py,...,pr-1) such that P(F, =fy) = p, for all n and k € [L]. In this
case the infinite product measure v = (pg, ..., pr—1 YWonX corresponds to the distribution of V via the
identification ®.
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From now on we always assume the following:

Principal Assumption I. The system (X, A, o, v) defined in Definition 2.5 is ergodic.

2.4. Expectation matrices and survival probabilities

2.4.1. Expectation matrices

We define the N X N expectation matrix corresponding to a fixed 6 € 1 as

(i)

Mg (i, k) = —2—(1). (2.7)
0sk
In case the environment = (01,-..,0,,...) is fixed using the notations of Section 2.1.1,

My, (i, k) =E(Y\" (k).
From this, using induction it follows that for any 0= (01,60,...)eXandneN
E [Z,,W:E,ZO =z0] =2IMg, ---Mg,.

2.4.2. Survival probabilities
Fix 8 = (61,65, ...) € X. For every € € N we consider the pgf vector

£0,9) = (£ ), £ V(9] where £ ()= 3" 171,

jeny

Recall from the introduction that, for a j = (jg,..., jn—1) € N(I)V , fﬁ(,;) [j] is the probability that a level
¢ — 1 individual of type i gives birth to j; individuals of type 1, ..., and jn individuals of type N
simultaneously.

Applying (2.6) to zo = e; gives that

E [SZ" | V=6,Z =ei] =ng: (s),

where for 8 = (01,0,...), él,, =(601,...,0,): the vector containing the first n letters of 0. This implies
that
P2, =01 V=8.Z0=e;) = £y (0)= £, (Fa, 0+ 0 Lo, (0)). 2.8)

Let g(k) (5) denote the probability that the process starting with one individual of type-k becomes
extinct, and

a®) = (¢ @),....q"V 1 (0)). 2.9)

Further, we denote the level-n extinction probability by

g @) =P(Z,(8)=0| Zo=e;), and q,(0) = (¢ @),...,q5" " (8)). (2.10)
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Using (2.8) we obtain

4.(6) =5, (0). @.11)
Hence,
q(8) = lim q,,(8) = lim 5, (0). (2.12)

3. Lyapunov and column-sum exponent

For this and the following subsections we fix N > 2. We call a matrix allowable if it has at least one
strictly positive element in every row and in every column. Let .o be the set of N x N allowable matrices
having only non-negative elements. For a B € &/ we introduce the minimum and maximum column
sums:

(B). = min Z B, ;. |B|:= max > Bij. 3.1

Jje iV
Finally, we define the norm we will malnly use throughout the paper

IBll = ) Z B (3.2)

i€[N]je[N
For {B;};c7 C &/ and 8 = (0y,...,0,) € I" we denote

Bg :=B91 ~~B9

—_

Definition 3.1 (Good set of matrices). Let B ={B;};c; C & and let v be an ergodic invariant measure
on (£, A,0), where X :=1 N we say that B is good (with respect to v) if

L. my = [ |log|Bg,ll1|dv(8) + [ |log(Bg,).| dv(8) < oo;

2. There exists an n € N and @ = (64, ...,60,) € I" such that v({8 € £ : 8|, =6}) > 0 and every
element of By is strictly positive.

Note that it follows from the fact that (B). > 0 if B € &7, that assumption (1) of Definition 3.1 always
holds when || < oo.
Now we define the Lyapunov exponent of a random matrix product.

Definition 3.2 (Lyapunov exponent). We are given an ergodic measure v on (X, 0) and a
which is good with respect to v. The Lyapunov-exponent corresponding to B and the ergodic measure v
is
.1 =
A:=A(v,B)= lim —log ||B§‘ || for v-almost every 8 € X.
n—oo n n

The explanation about the existence of 1 as defined above (independent of @) can be found in Appendix

C.

Using the super-multiplicativity of (-). for non-negative allowable matrices (namely, if B,...,B, €
&/ then (By---By). = (By).--- (By),) it follows that we can define the analogue of the Lyapunov
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exponent for the minimal column sum, which we call the column-sum exponent. For more details see
again Appendix C.

Definition 3.3. The column-sum exponent corresponding to a good set of matrices, 8 = {B;};c 7 and an
ergodic measure v is

1 _
A=, (v,B) = hm —log [(B“)| ) ] for v-almost every 0 € X. 3.3)

Below we give conditions under which A = A..
Lemma 3.4. Let v be an ergodic measure on (X,0). If B ={B;};c; C & is good then
A(v,B) =A.(v, B). (3.4

Proof. The assertion follows from (Hennion, 1997, Theorem 2). For more details see Appendix A. [

4. The main theorem: extinction probability for MBPRE
Before we state our theorem we define a condition.

Definition 4.1. We say that the MBPRE (see Definition 2.4) with N types and type space 1 is uniformly
allowable if there exists an « > 0 such that

> 130wl 0€ 1, Mo (k,i) > 0,i,k € [N] | >a. (4.1)

w;i#0
weNYY

Remark 4.2. Even though we call this property uniform allowability, this property is stronger than an
actual uniform allowability condition would be. Namely, for each 6 € I'; k,i € [ N] such that My (k,i) > 0
it holds that

PG
M (k,i) = 30» 1) = Z 73 Twlwi1™ = Z 759 Twiwi1™ > a. 4.2)
Si weN(I)V w;#0
weN(I)V

Remark 4.3. 1. Itis easy to see that if 7 is finite and the corresponding expectation matrices are
good (in particular allowable), then the MBPRE is uniformly allowable.
2. An example with infinite alphabet is as follows: Choose the alphabet be 7 = N and let us have two
types, for simplicity call these type A and B.

e For 6 =1 the offspring distribution for A and B is the same: both give birth to exactly one
type A individual with probability 1/2 and to exactly one type B individual with probability

1/2. The pgf is then fy(s) = (fél) (s), f (2) (s)), where

1 1
f3 ) =15 ()= 3514 552

5 (4.3)

for s = (s1,52) € [0, 1]>2.
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e For § = N € N A can only give birth to type B individuals and B can only give birth to type A
individuals, both are according to the same rules, written down for a type A individual:
— will have number 1 type B offspring with probability 1/2;
— will have number N offspring of type B with probability 1/N?;
— will have number N offspring of type B with probability 1/2 — 1/N?;

The pgf is then fg(s) = (fél) (s),féz) (s)), where

M, 1 1 5y 1 1
M (S)—§S2+msz +§_ﬁ (44)
@Dty v, 11
i (s)—2s1 +stl +2 v 4.5)
Hence, we have
_|1/2 1/2 _ 0 1/2+1/N
M“[l/z 1/2}’ My = 1/2+1/N 0 '

Given that we choose a nice ergodic measure on the space of environments this process satisfies
all the requirements of the following theorem, in particular the uniform allowability condition,
with @ =1/2.

The main theorem of the paper is as follows (for a special case see Theorem 1.1 and an application of
that can be found in Section 1.1).

Theorem 4.4. Let v be an ergodic measure on (X, 0). Consider the N-type MBPRE Z ={Z, } nen as it
was defined in Definition 2.4. We assume that

(a) M ={M;};cr (defined in (2.7)) is good (see Definition 3.1) with respect to v.

(b) Z is uniformly allowable ((4.1)).

(c) Forevery@ eI andi,j € [N], fék) is twice differentiable in 1 and there exists an M < oo such
that for every 0 € I and i, j € [N]

(92 (k)

4
T (1) <M. (4.6)

Then we have that
L. if A(v, M) >0, then
q@) =(q2@),....qN"1(8)) £ 1 for v-almost every 8 € X.
2. q(8) # 1 for v-almost every 8 € S implies that q(8) < 1 for v-almost every 0 € X.
Remark 4.5. From the twice differentiability assumption (c) above, it follows that the function is twice
differentiable on [0, 1]V . This is because the pgf is an infinite sum, and the first and second derivative

of the sum converges uniformly.

The following corollary is an immediate consequence of the theorem.
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Corollary 4.6. Under the conditions of Theorem 4.4 if A(v, M) > 0, then q(8) < 1 for v-almost every
6>

Definition 4.7. We say that an MBPRE {Z,})’  is strongly regular if there exists an n such that
P(minie[N] P(|Z,|| > 1|Zg=¢;,V =6) > 0) > 0.

Lemma 4.8. Assume that the pgfs satisfies that for a 6 € I such that v({0 € 2 : 8, = 6}) > 0, we have
that for all i € [N]

1+ > e <1, 4.7
JETN]

then the MBPRE {Zy},_ is strongly regular.

Proof of Lemma 4.8. The assumption of strong regularity is satisfied for n = 1. Namely, recall that
féll) [0] + X ern) fe(’ll) [e;] is the probability that the process starting with one individual of type i
conditioned on the environments first letter being 6; has at most one individual at level 1. From the
assumptions of this lemma it follows that for almost every 0= (01,602,...)

: e V0 —1_ () Dra.
irer%%l]IP’(HZlH >1|Zy=¢€;,V=0)=1 irén{e;\)}(] fe. [0] + Z fy1 [ej]|>0, 4.8)
JEIN]
from which strong regularity follows. O

That is {Z,},;_, is not strongly regular if and only if for every n, for v-almost every 0 there exists
i € [N] such that

P(|Znll < 1|Zo=¢;,V =0) = 1.

Corollary 4.9. Under the conditions of Theorem 4.4:

1. If A(v,M) <0, then q(a) =1 for v-almost every fex. B B
2. If A(v, M) =0, then either Z is not strongly regular, or q(0) =1 for v-almost every 0 € .

Proof. Tanny proved (see (Tanny, 1981, Theorem 9.6)) that the assertions of this corollary hold if a
certain condition (called Condition Q in Tanny (1981)) is satisfied. The fact that this Condition Q holds
in our case follows from part (2) of Theorem 4.4. O

Corollary 4.10. If A(v, M) > 0O then
1
Jim —log [|Za]l = A(v, M) (4.9)
almost surely conditioned on {||Z,|| ~ 0 as n — co}.

Proof of Corollary 4.10. The assertion follows from a combination of Theorem 4.4, a result of Hennion
and (Tanny, 1981, Theorem 9.6). Namely, Corollary 4.10 is essentially the conclusion of (Tanny, 1981,
Theorem 9.6, (3)). We only need to verify that both of the assumptions of this theorem are satisfied.
One of them is called Condition Q. This holds because this is exactly the assertion of Theorem 4.4 part
(2). The other assumption is the stability of the MBPRE (see (Tanny, 1981, Definition 9.5)). This holds,
because of a result of Hennion, see Remark A.1 in particular (3.2). O
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5. Proof of Theorem 4.4

Throughout this section we always use the notation of Theorem 4.4.

5.1. Preparation for the proof of Theorem 4.4 part (1)
Let
A= nlglgo % log ||M§|n [I, for v almost every 8 € ™.
Assume (the assumption of Theorem 4.4 part (1)) 4 > 0. Then we can choose
0<p<1 suchthat 1< pe’. (5.1)
Define the N X N matrices Ag for @ € T as
Ag = pMy. (5.2)
Lemma 5.1. For v almost every 8 € £
lim 1 log ((A5| )*) =log(p)+1>0.
n—co p n
Proof. Let
H:= {5 eEX: nll_r)rgo % log(anLk exists and equals to /l} cX. (5.3)

It follows from Lemma 3.4 that v(H) = 1. Fix 8 = (61,65, ...) € H. Then from (A§| )u=p" (M§| )
and the definition of p the assertion follows.

Define the set
0 = {(k,i,e) € N2 T :Mg(k,i) >o} - {(k,i,e) € [N X T : Ag(k,i) >o}.
Moreover, for k € [N], 0 € I we define
WK .= (i e [N]: (k,i,0) € W}.

For a matrix B let r (B) and ci (B) denote the k-th row and column vector of B respectively.
For6 e I,se[0,1]V let

gy (9=1-Ti(Ag)- (L-5), andgo(s) = (g5 (). .-.gy ' ()=1-Ag(l-5).  (5.4)
This immediately implies (which we frequently use without mentioning) that for 8 = (61,...,6,) € I

we have for s € [0, 1]V

go(S) =80, 080, 0 - 08g,(s)=1-Ag(1-5). (5.5)



18

Remark 5.2 (The meaning of gy and gg). For 6 € I, k € [N] consider {(s, fg(k) (s)) eRN* :s¢
[0, 1]V} the graph of the function f gk). We denote the tangent plane of this graph at 1 € RN by

1) =P - (£F)Y M) - A=) =1 -1 (Mg) - (1-5). (5.6)

By Taylor’s Theorem

P =1+ 51-97 (787) maa-s),

for some w € {s+¢(1—s),7 € (0,1)} the line segment connecting s and 1.
Hence, gék) (s) the analogue of tg() (s) using the matrices A g instead of My. From (5.4), it follows

that an analogous description can be given for gék) (s), using fék) (s) and Ag.
For a visual depiction in the N =1 case see Figure 3c.

Let
Bs :={s€[0,1]V : |11 - 8|l < 6}, (5.7
where forz = (zg,...,zn—1) € RV

el = max I
Lemma 5.3. There exists a 6 > 0 such that for all 6 € I and s € B, gg(s) = fg(s).
Proof of Lemma 5.3. Recall from Remark 5.2, that fors € [0,1]N 6 € T and k € [N],
@ =1 @+ 5197 (157) maa-s),
g () =157 (s) + (Mg — Ag) (1 -5),

where 15 (s) = 1 — ¢ (My) - (1 —s), as we stated in (5.6).
Hence, we only have to prove that there exists a § > 0 such that for all 6 € 7 and k € [N] and s € B

=97 (£5") (WA=9) <re(Mg - A0)(1-5).
It follows from Lemma B.2 in Appendix B, that

’” 62 (k)
(1—S)T( 9<k>) wWa-9= > | 3 (1-5); 55— (W) | (1= 3):.
jOSi

ieWO-k \ jeMWwWo.k

Clearly, ry (Mg —Ag) (1 —5) = X, cqpo.k Tk (Mg — Ag)i (1 —s);. Choose any 0 < § < 1 so that

5 < (1-p)a

SONM (5-8)

where recall that @ is from the definition of uniform allowability, Definition 4.1 and M is from the
last assumption of the theorem, see ((c)). Clearly, we can choose ¢ € (0,1). Let s € Bs. With this
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choice for all § € I,k € [N] and i, j € W * we have that 0 < 1 — sj < 6. By definition, we have

62 (k) 02 (k)
S (W) < 526 (1) for all w e [0, 1]V, hence

32 ék) 62 ék)
1-5)j—— <6-N- 1 My - Ayg);.
2, (1=9)j 55 (W) < 8- N -max 72 (1) < 1 (Mo = Ao)

JEWo-k
. . P fik . .
The second inequality follows from Wgs[(l) < M, which is assumption (c) of Theorem 4.4. Whereas

by the choice of the matrix Ag (see (5.2)), rx (Mg —Ag); = (1—p)Mpg(k,i) then the uniform allowability
assumption (see Remark 4.2) guarantees that My (k,7) > «, hence we get that rp (Mg —Ayg); > (1 — p)a
for i € WOk, O

Fix the value of § such that the assertion of Lemma 5.3 holds.
Now we define i : [0,1]" — [0, 1]%V such that whenever s € Bs then ¢ (s) = s but when s ¢ Bs then
¥ (s) € Bs. Namely,

s iijZl—(S; .
(W(s), = { [-6,ifs;<1-5 forj € [N]. 5.9

It immediately follows from the definition that the function ¢ has the following monotonicity proper-
ties.

Fact5.4. Forall@e I, ke [N]ands,te[0,1]V we have
(a) s<y(s), and
(b) fors <t y(s) <y(t).
We now define for all k € [N],6 € I and s € [0, 1]V
hy () =8y (W(9)) and ho(s) = (b (9), ... b~ (s)); (5.10)

recall the definition of gék) from (5.5).
We summarize the important properties of hg(s), but before that we introduce some more notation.

Let
u:=min{l,min{Ag(k,i): (k,i,0) € W}}. (u)

It follows from the uniform allowability condition, together with the choice of the matrix A (see (5.1)),
that u > 0. Further, let R(¢) denote the open ball with respect to the 1-norm centered at the origin with
radius 7 in RN and R (¢) its complement, namely

R(1):={s € [0,11" :|Is|| < ¢} and R€ (1) := {s € [0, 1] : |Is|| > ¢} (5.11)

Lemma 5.5. Forany eI, ke [N]ands<te [0,1]N, the following holds.

(a) If s € B, we have hy(s) =gg(s);

(b) hg(1)=1;

(c) hg(s) <hg(t);

(d) Foranyn €N, @ € I", we have that hg(s) > fg(s);
(e) 0<hgy(s);
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(f) For any w > N — ué (u was defined in (v)) if hg(s) € RC(w), then s € Bs and in particular
ho(s) =go(s).

Proof. (a) follows from the definition of hy, and (b) immediately follows from (a) combined with the
fact that 1 € B;. Part (c) is inherited from the monotonicity properties (see Lemma 5.4) of ¢ and gg. (e)
follows from (d), since fgy(s) > 0.

(d) We use induction on n. First if n = 1, then for s € B, hg(s) = go(s) > fo(s) by the definition
of hy and the choice of ¢ (according to Lemma 5.3). For s ¢ B, hg(s) = g¢(¥(s)) on the one hand,
g0 (s)) >fy(¥(s)) > fy(s) and on the other hand, gy (¥ (s)) > g¢(s). Here we used that gg and fy
are monotone increasing and that ¥ (s) > s. Now assume that @ = (6y,...,0,) € " and we know that
the assumption holds for 8~ = (64,...,6,_1), then from the hypothesis and the monotonicity of fy,

hg(s) =hg-(hg,(s)) > fg-(hg, (s)) > fo- (fg,(s)) =fa(s).

(f) Assume s € B, then ||1-5||c > 0, i.e. there exist a j* € [N] such that 1 — s« > ¢, by the definition
of ¥, ((s));» =1—6. Since Ay is allowable, there exists a k* such that Ag(k*, j*) > 0, in particular
Ag(k*,j*) = u. Fix an arbitrary w > N — u¢. It follows that

welholi= > ms)= > gl we)= > 1= > Aglk, N1 -u(s);)
]

ke[N] ke[N ke[N] jeWO-k
SN =Ag(k",j)(1 = (W(8);*) SN —us <w,

which is a contradiction. O

5.2. Proof of Theorem 4.4, part (1)

Now we are ready to prove the first part of our main theorem.

Proof of Theorem 4.4, Part (1). From Lemma 5.1 it follows that there exists a set H C X, with v(H) =
1, such that for every 6 there exists a y > 1 and an N = N(6) such that forn > N

(Agln)* > ", (5.12)

We fix suchay > 1 and N.
For a vector v € RV analogously to the matrix case, we will use the 1-norm, that is we denote
VIl := 2ie[ny [vil- In what follows we will show that

forall@ € H, |q(8)| = lim If5,, (O]l <N, (5.13)
n—oo n

proving that q(8) # 1 for v-almost every 6. _
Instead of inspecting the behavior of f§| (0) directly, we consider hgl (0) > fEI (0) for n > N. By
the uniform allowability condition we can choose 0 < u < 1 such that

< i Ap)ll. 5.14
ﬂ—ke[gl]lfleej|lck( o)l (5.14)

For the visual explanation of the following part see Figure 3a, 3b. For w, € R define

ow(t) ;=N - Nw+wt, (5.15)
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Figure 3

Choose 17 < N such that
©,'(n)>T:=N —us, (5.16)

where the value of ¢ occurred in Lemma 5.5 part (f) and # was defined in (u). Since u < 1 there exists
an € > 0, such that

eu(n) < 905(77) =N -g, (5.17)

where (,05(7]) =@, 0---0@,(n). Now we fix an m > N. Then there are two cases,

L. either [[hg, (0)I| < ¢, (1), or
2. lhg, (0> @, ().

In case (1), since for all k € [N] we have f;k) (s) < h'(gk) (s) for any s € [0, 1]V (by part (d) of Lemma
5.5) and ¢, () < N — & (see (5.17)) we get that

lam (@)1l = lIFg, ()] < @) <N —&. (5.18)
In the rest of this section, we consider case (2), namely when

g, () > ¢, (). (5.19)

Set 8 :=6),,,. In the rest of this section, we always assume that s € [0, 1]V

Lemma 5.6. () Forall@ eI, ke[N], if gl (s) 20, then
liga ()l < ullsl)-

(ii) Forn> N and =8\, if for all k € [N], g%k) (s) > 0, then

lIgg ()1 < @y (lIslD).
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Proof. We only present the proof of the first statement since the second one can be proven using the
same steps and the fact (see (5.12)) that (Aé)* >yt >y,

N-1 N-1
lgo )l =11-Ag(1=9)l= > (1= " Ag(k,O)(1-s0))

k=0 =0

P4

-1

N-1
=N- Ae(k,f)(1—55)=N—Z llee (Ao) (1 —s¢)
0 k=0 =0

P4

S
Il
~
I

SN = (Ag)N + (Ag):lisll =N = (Ag)-(N —Is]])
<N —u(N—|sll) = eu(llsl).

O

Now we continue the proof of the first part of Theorem 4.4. Define
T:= {pSm: Vk < p, hg»kn(O)eRC(n)}, (5.20)
where 67" = (0., ...,0,;) and m was fixed earlier in the proof. By our assumption (5.19) we get that

hg(0) € R€ (¢, (7)) c RC (1), this implies that 1 € T. On the other hand, Lemma 5.5 (f) and (5.16)
together imply that m ¢ T. Namely, by (5.16) hg,, (0) < ¢ < go;l (n7) <n. That is hg,, (0) € R(7). So,
m ¢ T. This does not contradict 1 € T in case of m = 1, because if m =1 then it is not possible that
||h§|1 (0)|l > ¢ () > N — ud, because in this case by Lemma 5.5 (f) we have that 0 € B s, which is not
possible since 6 < 1. Then 1 < Q :=maxT <m — 1.

Letv:= hggﬂ (0). By the definition of Q,

veR(n). (5.21)

Also, for any k < Q, hg, (hgz:_] (0)) € R€(n), hence by n > ¢ and Lemma 5.5 (f) it follows that for any
k<Q

hg, (hgm (0)) =gg, (hgm (0)).
By repeated applications of this we get that for any k < Q,

hyo (V) =ggo (V). (5.22)

Now we show that Q can not be too big. Namely, to get a contradiction assume that Q > N. Using (5.19),
(5.22), the second part of Lemma 5.6 (we can use this, since for k < Q itis true that gg, =hg, > 0, by

Lemma 5.5 (e)) together with the assumption Q > N, the fact that v > 1, and (5.21), in this order, we
obtain that

#u(m) < lher (D) =ligge (M < @y (lIvil) < lIvll <.

which is a contradiction since 17 < ¢, (77).

Hence, Q < N. However, in this case using the first part of Lemma 5.6 N-times (again for k < Q itis
true that gg, =hg, >0, by Lemma 5.5 (¢)), we get that

I (0)11 = liggo (V) < ¢4 (llggo (M) < -+ < ¢8‘1<||gogvu) <e2(IVID <N (=N &,
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where & > 0 was defined in (5.17). This means that (similarly to (5.18)),
9 (8)1| = [Ify,, (0)]] < [Ihg(0)[| < N —&.

This finishes the treatment of case 2. It follows that for m > N we have [lgm (0)|| < N — &. In this way
we have verified that (5.13) holds, which completes the proof of the first part of Theorem 4.4. O

5.3. The proof of Theorem 4.4, part (2)
It follows from the assumption (a) of Theorem 4.4 that there exists a finite word 9= (5 Loeens 5,,) erp

(p € N) such that for [5] ={0=(01,0,,...)€2: 0;=0;,i < p} we have v([ﬁ]) > 0 and further all
elements of Mz :=M g ‘M g, are strictly positive. From the ergodicity of v (Principal Assumption

D), it follows that there exists ¥ C ¥ with v(f) =1, such that all 8 € £ contain 6 as a subword (in any
position).
For a k| € [N] we define

Bady, := {5 €X: lim f§(|kl) (0) = 1} . (5.23)

Lemma 5.7. Under the conditions of Theorem 4.4, for any k1 € [N], v(Badg,) =0.

Proof. Fix ann > p. Let
.l .9 : ] cC_5
Ay = {0 € X : 0|, does not contain the word } , then U A; =Z.
n=p

Hence, it is enough to prove that for any n > p and any &
v (Badkl n A,?) <e. (5.24)

Let n and & > 0 be arbitrary. Recall that Ec(t) :={s € [0,1]™ : |Is|| > #}. By the assumption
limy e fEIr (0) =q(8) # 1 for v-almost every 6, we can choose a § > 0 which is so small that for

t:=N(1-6p.™), and X; := {6 €x: Jim £5, (0) € RC(t)} , (5.25)
we have v(X;) < &, where p. = 5 (recall that & was defined in (4.1)).
Lemma 5.8. Ler0 € 1, k € [N] and 0 < & < 1. Then for any s € [0, 1]V
if there exists an i € WX such that s; <1 -6 = fg(k) (s) <1-p.o.
Proof. Fix ans € [0, 1] such that s; < 1 — ¢ for some i € WK
2@ < -t = Y -8 < Y fP e

N N
zeNO zeNo
z;=0
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£ > fPEI0-8)<1-5 ) £z <1-p.s.

zeNYY zeN}Y
%0 240
Now we fix aéeA,(f (Bady,. Foranr €N, r > 2 let
Ci={k e [N]:3(ks, ... kn) € [N]"~" such that k; € W1kt i € 2, .}, k € Wb |
:{k € [N]: Mg, (ki.k) >0}
Lemma 5.9. C=[N].

Proof of Lemma 5.9. This follows from the fact that all the expectation matrices are allowable and that
6|, contains the word 6, which implies that Mz al, is a strictly positive matrix. O

Since we assumed that € Bady, we can find a & > n such that

FRD0) > 1-6. (5.26)
0lq
As earlier, we write 5? =(0j,0j11,...,0¢). Forevery h < K let
sp = (sp(0),...,sp(N—=1)) :=f§§ 1(0). 5.27)

Then again for 7 < &
Lo O =fo 0, sn(O= o) (sna) = fy, ) (ga (0)).

It follows from Lemma 5.8, and formulae (5.26) and (5.27) that for all k, € W51 we have s (k;) >
1 —6p; . By repeated application of Lemma 5.8 we get that for the n fixed in the beginning of the proof
we have

Sn(kn+1)> 1_617;"’ v(k2’~-~,kn+l)ecn~
Using this, by Lemma 5.9 we get that s, (k) > 1 —dp. " for all k € [N]. This means that
fER (0)=s, €Bspn. (5.28)

n+l

Using that fg is componentwise monotone and fy : [0, 1]V — [0, 1]V, we get from (5.28) that

hgloofE,,MJ, (0) B(gp—n cR€ (1),
where ¢ was defined in (5.25). That is we have proved that f¢e A,‘f (Bady, = "8 € X;. In other words
we have verified that AS N Bady, c o7"X;, where for (61,6>,...) =0€eX,0°10)={(6,6,,0,); 6 €
T'}. In particular =" contains the infinite words that have 8 as a subword starting at the n + 1-st
position. Using that v is measure preserving, we get that v(AS N Bady,) <v(c7"X;) =v(X;) <e. O

Proof of Theorem 4.4, Part (2). Using that k| € [N] was arbitrary in Lemma 5.7, we get that the
second assertion of Theorem 4.4 holds. O
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Appendix A: Theorem of Hennion

Let B be an N X N non-negative and allowable (B € /') matrix. It is easy to check that the norms defined
in Section 3 agree with the ones used in Hennion (1997), i.e.

[|B||1 = max Z ZB”x} x; 20, ij—l , and

i€[N]je[N] JE[N]
(B). =min Z Z B; jx;:x; >0, Z xj=1
i€[N]je[N] JEIN]

Let 8={Bi}icr € «/. For 6 =(01,...,0,) € I" as before we denote Bg := By, ---By, and B :=
By, - Bg,.

A.1. A corollary of a theorem of Hennion

In Hennion (1997), X,,, a sequence of random variables taking values in the set of non-negative allow
able matrices is defined. Th_e random matrix X ™, which appears in (Hennion, 1997, Theorem 2),
corresponds to BY_ where 8 is chosen randomly according to the probability measure v. (Hennion,

0ln
1997, Theorem 2) lllas two conditions: The first one is that 1 < oo and the second one is Condition ¥
which corresponds to the first and second part of our assumption that 8 is good (see Definition 3.1).
Hence, the conditions of (Hennion, 1997, Theorem 2) always holds whenever 8 C &7 is good with
respect to the ergodic measure v. The conclusion of (Hennion, 1997, Theorem 2) immediately implies
that

lim sup
N=0ie[N] I

—log (1 B ol ) /l’=0, for v-a.e. 0 € 3. (A1)

Observe that ITB§| e; is the i-th column sum of the matrix BEI . Hence, for v-almost every fex
. |1
lim |- log(Bg| )« —A|=0. (A.2)
n—oo|n n

Remark A.1. In this paper we change the order of the matrix product from B — to B
Oln

why we can do this. Observe that in (Hennion, 1997, Theorem 2) the role of 17 and e; is interchangeable,
meaning that we can consider row, instead of column sums of the matrices. Consequently, we get an
analogous result to Lemma 3.4 but for the “row-sum exponent”, namely that

g|,> oW we explain

1 _
lim —log( mR}J e; B 1) =1 forv-ae.0€X. (A.3)

n—oon

Remark A.2. In Hennion (1997) the notation X,, sometimes stands for the whole process starting at the
n-th position and sometimes as the n-th element of the process; from the context there, it is clear what is
the correct interpretation, in this paper we only use the second interpretation.
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Appendix B: Basic properties of multivariate pgfs
The following is a well-known fact.

Fact B.1. Let X,Y be independent random variables on (Q, F,P) taking values in Név with pgfs fx and
fy respectively. Then the pgf fx+y of the random variable X +Y satisfies fx+y (8) = fx(s) - fr(s).

Lemma B.2. If (k,i,0) ¢ W (or equivalently ﬁfé()k)/asi(l) =0) then for all w € (0, 1]V

1. Bfé()k)/asi(w) =0and
2. 5 (SR (W) =i ((£59) (w)) = 0.

Proof. Since 2 immediately follows from 1, we only provide details for the first part. By definition

£ w= Y P 1awt we (011N, ke [N], 6eT,

zENN

hence
(k) .
0 ()_Z (k)17 lnw?’. (B.)
zeNN te[N]
zl#O C#i
From

0=a71as:)= Y 1012z,

ZENN

since all the summands are non-negative, we conclude that f, (k )[Z]Zl =0forallze Nf)v , hence the
assertion follows. O

Appendix C: Lyapunov and column-sum exponents
We recall the Subadditive Ergodic Theorem.

Theorem C.1 (Partially Theorem 10.1 Walters (2000)). Ler (X, B,v) be a probability space and let
T : X — X be a measure preserving transformation. Let { f,} | be a sequence of measurable functions
fn: X > RU{—0c0} satisfying

(1) fi e L'(v), for £} (x) = max{0, f1(x)} ;
(2) foreach k,n > 1, fuirk < fu + fr a.e.

Then there exists a measurable function f : X — R U {—oo} such that the following holds:

1. freLl(v)
2. foT = f ae. (henceifv is ergodic, then f is constant a.e.)
3. lim Lf, = fae.

n—oo
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Let the probability space be given as in Definition 2.5, together with the left shift o-. Assume that
this system is not just measure preserving but also ergodic. Assume further that the N X N matrices
{M; };c 7 for some countable index set 7 are good w.r.t. the system (see Definition 3.1 for the definition
of good set of matrices).

In what follows we discuss the Lyapunov and the column sum exponent, starting with the Lyapunov
exponent. For 8 = (61,6,,...) let £,(8) :=log Mg, - -- Mg, ||. Then assumption (1) of Theorem C.1 is
satisfied because of the norm requirements (the first numbered point) in the definition of being good. By
the sub-multiplicativity of the matrix norm (2) is satisfied as well, namely:

fa+k (8) :=1log (Mg, --- Mg, - Mg

el

<log (Mg, --- Mg, |l) +log (IMg,,, --- Mg, [I) = /(6) + fi (" (8)).

Mg, |l) <log(I[Mg, ---Mag,ll - [Mg,,, --- Mg, |l)

Hence, the following corollary of the combination of Theorem C.1 parts 2 and 3 holds:

Corollary C.2. In the above given setup there exists A € R (called (the maximal) Lyapunov exponent)
such that the following holds:

1 _
A:=A(v,B) = lim —log ||B§‘ || for v-almost every @ € X. (C.H
n—oon n

Remark C.3. For the conclusion of Corollary C.2 it is enough that the above system is ergodic
and /E max{0, log ||[Mp, l}dv(8) < oo and the matrix norm can be any sub-multiplicative norm. The
remaining requirements of being good, namely, having non-negative elements, being allowable and
having a positive product is important for the existence of the column-sum exponent and for the
conclusion of our main theorem.

We now consider the columns sum exponent. It can be shown that for a good set of matrices the
minimum column sum (), defined in (3.1) is super-multiplicative in the sense that for the good matrices
M;,M; we have

(MiM>).. > (M})+(Mp).. (C2)

Since the direction of the inequality is the opposite of that in the case of the norm, we use the sub-additive
ergodic theorem for the function:

fn(8) = ~log (M, ...Mg,).). (€3)
for some @ € X. Similarly to the previous part assumption (1) of Theorem C.1 is satisfied because of the
norm requirements (this time the second part of the first numbered point) in the definition of being good.

The second assumption of the theorem is satisfied for similar reasons as in the previous case. Hence, by
multiplying the resulting limit f of the conclusion of Theorem C.1 with —1 we can conclude that

Corollary C.4. There exists a A, € R such that

1 _
Ay = (v,B) = lim — log(BE| )« for v-almost every 8 € ¥.
n—oon n
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