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Chapter 1

Introduction

Considerable attention has been payed to the case when all the probabilities
in the construction of the Mandelbrot percolation (see the Mandelbrot per-
colation section) are identical. However, in this thesis we focus on the much
more difficult case when the probabilities are not identical. We concentrate
on the orthogonal projection of the three-dimensional Mandelbrot percola-
tion to the line {te | t € R}, where e = (1,1,1). The methods we use prove
statements about the projection are very similar to the ones in [4] and [6],
although in these articles the authors consider the sum of two independent
one-dimensional Mandelbrot percolations. The problem in our case is easier
since we have less dependence in our construction. The main difficulty was
to find the way how we could use similar arguments in the three- instead of
two-dimensional case. Our main example throughout this thesis is the ran-
dom Menger sponge (defined in the section Menger sponge). The structure
of the thesis is as follows.

Later in this chapter (chapter 1) we define the Mandelbrot percolation
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fractal, the Menger sponge and the random Menger sponge.

In the second chapter we define conditions, and prove that under these
conditions the projection of the Mandelbrot percolation contains an interval
almost surely, following the lines of [4]. Later we prove that in the case of
the random Menger sponge the conditions are also necessary.

In chapter 3 we define conditions under which the projection of the Man-
delbrot percolation has positive Lebesgue measure almost surely analogously
to [6].

In the last — Conclusion chapter we summarize the results and show
an interesting consequence regarding the attractor of a random self-similar

iterated function system on the line.

1.1 Mandelbrot percolation

1.1.1 The intuition

For the d-dimensional Mandelbrot percolation we choose an integer M. Then
we take the d-dimensional unit square, and divide it to M¢ congruent sub-
squares, for each subsquares we choose a probability, which remains the same
until the end of the process and keep each square with the assigned prob-
ability. For the retained squares we repeat the same process, and so on, if
we do this infinitely many times we get the so-called Mandelbrot percolation

fractal.
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Figure 1.1: The partition in the case of the two-dimensional Mandelbrot

percolation.

1.1.2 Construction of the Mandelbrot percolation frac-

tal

The following construction is from [3]. Let I := [0,1]¢ denote the unit

square. For given M > 2 integer and p;, ., € [0,1] for (i1,...,i4) €
{0,1,..., M — 1}¢ probabilities the Mandelbrot percolation set in the d-
dimensional Euclidean-space is constructed in the following way: Let 7, :=
{Gy oo vig) | ty,.-oo0g, €{0,1,...,M —1}"} denote the d-lets of se-
quences of length n from {0,1,..., M — 1} indexing the level n sub-squares
of I, the empty sequence is denoted by 0, as follows Ty = (0, ...,0). Denote

1
the first level sub-squares of I of side length i with I;,

1 i+ 1
iy, i 32[

7777 id*

R 2 4dro 1.1
..... M? M M’ M M? M ( )

[zz iy + 1

[id ig+ 1
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This is a partition of the unit square into M? congruent squares :

M-1
I= U Iil,...,id-

11 4..0,2q=0
We can define the level n squares similarly: if (4, ,..., i, ) € 7T, then
S S |
]zlnv---@dn - [Z“k : W’Z“k L + U X ...
k=1 k=1

“. 1 . 1 1
X [;de'm,;mk'm—FW . (12)

Now we have the base for the fractal percolation set. The next step is to

define the survival set &, consisting the indices of the retained level n squares.

Definition 1.1. & = Ty = (0,...,0) and inductively if we have &, 1
and (iy, . ..., _,) & &En—1 then for all (j1,...,js) € {0,1,...,M —
1}d (ill . "i1n71j1a e ,id17. .. ,Z.dnil,jd) ¢ Sn, Zlf(ZLL,l?’ .. ’Zdnfl) € Sn—l then

(1) 01y 1 J1s - s ldy - - -, 1 Ja) € En with probability pj, .. ,-

We can also think about 7, as an M%ary tree with height n and nodes
(i1,,---+2q,). An (iy,,...,i4 ) node has M? children: (iy j1,. .., iq,Ja),
Ji,---»jda € {0,...,M — 1}. For p = (po,..0,---,PM-1,..M—1) We can in-
troduce a probability measure P, on the space of labeled trees. For each
node (iy, ...d1,,...,%4 - --i4,) We give a random label X, ,, this

-'~i1n7~~~:id1~--"d

will be 0 or 1. It is required that

1. X; are independent Bernoulli random variables;

11...i1n,.~~’id1“'idn
2. P(Xy) =1,

3. P(X;

19 ...iln,...,idl ’Ldn) - piln,...,idn .
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Figure 1.2: The zeroth, first, second and third level approximation of the
Menger sponge.

Thus

gn = {le R TN 7 TR 7 Xilly---yidl = Xi11i12’m7id1id2 =...

1y g ool -y,

Now the n'* level approximation of A is A, defined by the survival set &,:

A, = U Ii, i, andfrom that A= ﬂ A,. (1.3)

(1171""’16171)65" n=1

The above defined A is random variable i.e. A: Q — {the Cantor sets of ¢},

where () is an infinite randomly labeled tree, defined above.

Definition 1.2. We say that the Mandelbrot percolation is homogeneous if all
the probabilities are the same i.e. p;,,. i, =p foralliy, ... iq € {0,...,M—1}

for some p € [0, 1]. Otherwise we say that it is inhomogeneous.
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1.2 Menger sponge

Definition 1.3 (Menger sponge). The Menger sponge is the attractor of the

following iterated function system:

S - {Si,j,k’(g) = %(&4' (ivja k))} )

(1,5,k)eT

where

J = A0, 1,2}3 \ {(1,1,0),(1,0,1),(0,1,1),(1,1,2),(1,2,1),(2,1,1), (1,1, 1) }.
(1.4)

Definition 1.4. The (homogeneous) random Menger sponge is a three-dimensional
Mandelbrot percolation, with probabilities p; ;. = p for (i,j,k) € J and
pijx =0 for (i,5,k) ¢ J for some p € [0, 1].

We denote the random Menger sponge with M,,.



Chapter 2

Interval in the projection

2.1 Theorem and Proof

Let I = [0,1 and [} ,, ; as in (1.2) Let M = 3 and A = A}’ is the
three dimensional Mandelbrot percolation with vector of probabilities p =
{P0.0.0,---sP222} €[0,1]?7, and let A,, denote the n'" level approximation of

A as in (1.3). Let Sy, : R* — R3 for (I,m,j) € {0,1,2}* defined as:

Stmaly,2) = 51(@0,2) + (1, ). (2.1)

And let
Slnvmn’in (£> = Sln,mn:jn ©---0 Sl17m1>jl (&)

Hence [y, j = Sim;(I) and similarly [ ,, ; =S m,; (I). Let

Ve = > Dimn for k€ {0,1,2}. (2.2)
l+m+n=k (mod 3)

Now we define shape A, B and C, later called level 0 shapes. Shape A is the
tetrahedron defined by (0, 0,0), (1,0,0), (0, 1,0), (0,0, 1), B is the tetrahedron

8



CHAPTER 2. INTERVAL IN THE PROJECTION

Figure 2.1: Shape A, B and C.

defined by (1,1,1),(1,1,0),(0,1,1),(1,0,1) and C is [0, 1]*\ (AU B). Define
Ci={(z,y,2) :a+y+ze€lii+1]}, fori =0,1,2 and

which we call a level n — 1 column, note that A = [0,1]>*NCy, B = [0, 1]>NCs,
C = [0,1> N C;. We define the shapes of subcubes of I, indexed as the

i 1 <& 1 1
¢ —c. in={<x,y,z>:x+y+ze S L3 L L
k=0 M k=0 M M

subcubes, called level n shapes:
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Let ZYV (k) denote the number of level 1 V shapes in a level 0 U shape in
the level 1 column k:

Z9V (k) = #{(l,m,n) € & : Vigum C Ci,

where i =0if U=A,i=1ifU=C,i=2if U = B}.
Note that &, was defined in Definition 1.1, it denotes the indices of the

retained level n cubes. Similarly Z%V (k,,) is the number of level n (retained)
VshapeinCiy , 1 =0if U=A,i=1if U =C,i=2if U= B. Denote
2= Y 2@, (23
Ue{A,B,C}

and similarly ZV(k,) = Yperancy Z7" (k,) For k € {0,1,2} let M(k)

denote the expectation matrices, namely:

&=

E(z44(k) E(Z4P(k) E(Z4C(K))
M(k) = \E(Z%4(k)) E(ZPF(k) E(ZPC (k)
E(ZA(k)) E(Z9F(k)) E(Z29C(k))

and for k,, € {0,1,2}"

Lemma 2.1. Foranyk, € {0,1,2}", k, = (k1,..., kn): M

—~

) = M(ky) ... M(k)

Proof. First we prove it for ky = (ki1, k2). By the construction if W, ,,, n, C
C@',kp then Vl1lz,M1m2,n1n2 C Ci,khkzmvvll,mhm if and only if wz,mz,nz C Cj,kQ, 7=
0ifW=A,=1ifW =C,j=2if W = B, for any i, j, 11, ly, m1, ma,n1, N3 €

10
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{0,1,2}, V,W € {A,B,C}. Fix U,V € {A,B,C} and let i = 0if U = A,i =

1ifU=Cui=2itU = B.

E(Z%Y (kyk2))

“EC2 21

l
e{A B,C} Clcm}cl”l

Z > P((lmim) € &)

iAoy g

llamlanl) € gl]

i,k

2.

Vlz,mz,ﬂz CCi,kﬂQ
Vlg,mg,ﬂgc l1,m1,n7

Z P((ly, my, ny) € E|(l1,m1,n1) € &)

1[@27@27@2) € 52])

V£2,m2,ﬂ2 Cciyh ko
‘/LZVMQVEQC l1,mq,nq

- Z Z Pli,mi,na Z Pla,mo g
ym1,my Vig.mgn CCi k1 ky

E{A B.C} lClCl k1 Vézfzmzazzéﬁ/llal:ﬂfa"l
= Z Z pll,ml,nlE(ZWVV(kQ))

E{A B,C} lclczn,lclnl
= Y. EZ"W(k)EZ™Y (k)

We{A,B,C}
This proves that M (kiks) = M (k)M (ky). Now assume that for s — 1:
M(k, ) = M(ky)...M(ks_1), then by a similar argument to the above:

E(Z™V(k) = Y. Z"W(ko_)Z™ (k)
We{A,B,C}

Which shows, that M (k,) =

esis equals M (ky) ... M(ks).

M (k, )M (ks), which by the induction hypoth-

O

In the case of the three dimensional inhomogeneous Mandelbrot percola-

tion with M=3, the level one expectation matrices are the following:

Uo 0 0 (751
M) = {ug ug us|,M(1)=]0
Uz Uy U9 Uy

11

0 Uo U2 Uy Uy
Us Ug| » M (2) =10 Ug 0
Uz Us Ug U3 Uy
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Where

U; = E Pk,lm-

k+l+m=i

For example uyp = pooo and us = pi22 + P212 + P221. Hence the column
sums of the matrices are equal to v; for some i, the column sums of M (0)
are 7o, 71, Ve respectively, the column sums of M(1) are ~y;, 79,7 and lastly,

the column sums of M (2) are v2,7p,71. Let

7 := min{yo, 71,72}
Condition 1. v > 1.

Remark. Under Condition 1 the Hausdorff dimension of A is greater than
1 almost surely conditioned on non extinction, because it is proved in [5] that

under non extinction a.s.

dimy (A) = log(2 i jmeor2p2 Pigk) _ log(yo + 71 +72) _ log(3)

Condition 2. There exists a k € {0, 1,2} such that at least one of the rows

of M (k) is strictly positive.
Let proj denote the orthogonal projection to the line {te | t € R}, where
e=(1,1,1).

Theorem 2.2. Assume that Conditions 1, 2 hold. Then the orthogonal

proj(A) contains an interval almost surely conditioned on A being non empty.

The intuitive meaning of these conditions are the following: we will later
define a process that starts from a triplet of different shapes, and we count
the shape triplets in every column in every level coming from the first triplet.

Condition 2 guarantees that we can start the process with positive probability

12
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(we can find a column in which we keep at least one of each shape with
positive probability) and Condition 1 guarantees that the process does not die

out with positive probability. The main steps of the proof are the following:

e First we show that we can find a level 1 column where with positive
probability all types of shapes are retained, this means that we can

start the process.

e Then we will show that starting from this column with positive proba-
bility in every level in every subcolumn of the column we find at least
one of all the shapes A, B and C. This means that with positive prob-

ability the projection of the cube contains an interval.

e After that, using statistical self-similarity, and that all the level n cubes
are conditionally independent and that we retain exponential number
of level n cubes conditioned on non-extinction (because the dimension
of the set is larger than 1), we will show that the projection contains

an interval a.s. conditioned on A being non empty.

Lemma 2.3. Assume that Condition 2 holds. Then there existi,j € {0,1,2}
such that C; ;N Ay contains at least one from each of the level one shapes A,B

and C with positive probability.

Proof. From Condition 2 we know that there exists a j and an ¢ such that
el M(j) > 0. Let Xy := #{(k,l,m) € & : Upym C Ci;} for U € {A, B,C},
that is Xy counts the retained U shapes in C). P(X4 > 0and Xp >
0 and X¢ > 0) > 0if and only if E(X4- Xp- X¢) > 0. The random variables

X4, Xp and X are independent, because they are counting shapes in the

13
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Figure 2.2: The shapes of C;; in case of p = 1 from different angles.(Purple,

yellow an green denotes shape A, B and C respectively.)

same column, all the shapes are coming from different level one cubes, which

are independent, hence
E(X4- Xp- Xe) = E(X4) - E(Xp)  E(Xe)
= ¢ M(j)ey -] M(j)ey - €] M(j)es > 0.
The last inequality follows from the fast that el M(j) > 0. O

Denote

po :=P(X4 >0and Xp >0 and X > 0) > 0. (2.5)
Fact 2.4. For the non negative m x m matrices A and B

mine’ (A - B)e; > mine’ (A)e; - mine’ (B)e;

where e = (1,...,1) € R™, and ¢; = (0,...,0,1,0,...,0) € R™ with a 1 at

the it" position.

It follows from the Fact above, that the column sums of M (k,,) are greater
or equal to 4", as the column sums of M (k) k € {0, 1,2} are greater or equal

than ~.

14
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Lemma 2.5. Assume that Condition 1 holds. Then for any n :
P(Z4(k,) > " and Z®(k,) >~" and Z°(k,) > ", Vk, € {0,1,2}") >0

Proof. This proof is an adaptation of that of Dekking and Simon [4]. We
would like to count the number of level n A and B and C shapes in columns
Cok,,Cik,,Cog, together that are retained with positive probability. To do
this we consider the deterministic case, when p;;, = 0 if p;;, = 0 and
1 otherwise. Let M (k) denote the expectation matrix with respect to the

) counts the shapes in

—n

probability vector p. Then the column sums of M (k
Uiefo,1,2)Cik, that we keep with positive probability.

eI M (ky) > €T M (k) > 4" - el

Hence for one k,, the probability is positive. The events for different k, s are
not independent, but they are not mutually exclusive, hence their intersection

also has positive probability. O

Without loss of generality we may assume that in Lemma 2.3, 1 = j = 1.
Let

_ : U
N(k,) = Ueg}}gc}{Z (11k,)}

, and A,, be the event that this minimum grows exponentially in n for all k,,,
namely

A, ={N(k,) >n", Vk, € {0,1,2}"}
where 1 <7 < min{2,~}. By Lemma 2.5 and Lemma 2.3, P(4,) > 0 for all
n.

First we prove that

o0

P(A, holds for all n > r) > P(4,) ] (1—3"26") for some 0 < § < 1.

k=r+1

15
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And from that P(N(k,) > 0, Vk, € {0,1,2}*, Vn) > 0 follows, with the
right choice of r.

From the Azuma-Hoeffding inequality it follows that for independent
Zy(k), ..., Zy(k); Z{ (k) ~ Z7 (k):

P(ZY (k) + -+ ZY(k) < mn) < 6™ for some 0 < § < 1. (2.6)

We will use this large deviation bound to give an upper bound on P(A,, 1| 4,),
where A, is the complement of the event A, 1, as usual. For this we would
like to have a similar situation as in (2.6). We start with a given level n+1
column Cy 1 , and then we will use the union bound multiple times to be
able to use (2.6) and later to upper bound P(A,, ;1| A,) we again use the union

bound.

P(3k s.t. N(k, k) <" | N(k,) >n")

= P(N(k,0) < """ or N(k,0) <" or N(k,0) <n""" | N(k,) > ")

<Y B(N(k,k) <™ | N(k,) > n")

P(N(k,k) <" | N(k,) > n")
=P(ZA(11k, k) < n"t* or ZB(11k, k) < n""' or Z9(11k, k) < "™ | N(k,) > ")

< > PZY(kk) <n | N(k,) > 0").
Ue{A,B,C}

For the next step we show that we can use large deviation theory. As ZY(k, k)
is the number of U shapes in C(11k,k) and we conditioned the event on

N(k,) > n", we know that:

16
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e In C(k,) we have at least 0" of every shape, i.e. we have at least n"

ABC triplets.

e Coming from A, B and C together the expected number of retained

shapes of a given shape in the next level is greater than n for all shapes.

e In the ABC triplets the number of retained U shapes in a column k has
the same distribution as ZY(k), and what happens in different shapes

and triplets are independent for a given k.

Thus for any U € {A, B,C} using (2.6):

Hence

P(3k s.t. N(k,k) <n""" | N(k,) = 1")

<Y O P(ZV(11k,k) <™ | N(k,) = n") < 3%
U k
hence

P |4 =P( U hst Nk <o) () (k) 2107
k k
ef{0,1,2}" efo,1,2)"

And because #{0, 1,2}" = 3", using the union bound:
]P)(An+1 ’ An) S 3n+2577”’
therefore

P(Aptr | An) = (1-3"207)

17
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and
n

P(A,N--NA,) > P(A,) [J - 3727

As P(A,) > 0 Vr, we can choose r in a way, that [[_,(1 — 3i+257") > 0.
This means that with positive probability the projection of I N A contains

an interval, denote this probability with 6. Thus for alevel n cube [; ,, ; the

Mg
probability that ; ,, ; M A contains an interval conditioned on Iy m, ; C
A™ is 0, because the percolation starting from Iy, ;- (conditioned on the
event that the cube is retained) has the same distribution as the original
Mandelbrot percolation. Using the fact that the number of level n cubes #&,,
tends to infinity as n tends to infinity conditioned on A being non empty, and
that the processes runs independently in every level-n retained cube, we can
conclude that the projection of A contains an interval a.s. conditioned on
A being non empty, because the projection contains no interval if and only
if for every retained level n cube the projection of the intersection with A

contains no interval.Let Int(A) denote the interior of the set A, then by the

above reasoning:
P(Int(proj(A)) =0 | A #0) < P(#E, < N | A#0)+ (1 —0)~,

then let n — co and N — oo gives the desired result.

2.2 The existence of intervals in the projec-

tion of M,

1

In this subsection first we verify that for p > 2 the projection proj of the

random Menger sponge M, contains an interval. Then we prove that for

18
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p < % the projection proj of the random Menger sponge does not contain
any intervals.
For the random Menger sponge M,, (see Definition 1.4) the expectation

matrices (for the general case see (2.4)) are the following:

p 0 0 3p 0 p 3p p 3p
M@O)=|p 3p 3p|.ML)=1{0 3p p|.-M2)=|0 p 0
6p 3p 3p 3p 3p ©6p 3p 6p 3p

(2.7)

First we prove that for p > % Int(proj(M,)) is not empty almost surely
conditioned on non-extinction. As for ¢ € {0,1,2} v; denotes the column
sums of the expectation matrices, we can see that vy = 8p and v, = v, = 6p.
For p > 1/6 Condition 1 holds, because in that case v = min;ego1,2y v > 1,
and Condition 2 also holds, because for example the third row of M (1) is
strictly positive, hence for p > 1/6 the projection of the random Menger
sponge contains an interval almost surely conditioned on non-extinction.
Now assume p < é, we will prove that the projection does not contain an
interval almost surely following the ideas of [4]. The eigenvalues of M(0) are
A (M(0)) = 0, Ao(M(0)) = p, A\3(M(0)) = 6p. M(0) and M(2) are similar
matrices, hence they have the same eigenvalues. p < é, hence the spectral
radius of M(0) (and also M(2)) is smaller than 1, which means that the powers
of M(0) and M(2) tends to 0. Hence for any matrix norm (therefore specially
for the 1-norm) lim, o ||M(0)|| = lim,c ||M(2)|| = 0. Thus, for any n,
for any (ki,...,k,) € {0,1,2}", by Lemma 2.1 and the submultiplicativity

19



CHAPTER 2. INTERVAL IN THE PROJECTION

of the 1-norm:

jli_}rgoHM(kl...kn0(')(t)‘...0)||1 = lim || M (ky.. k) 1\4(0(')(3'...0)||1 <
j times j times

i (M Gy )M, Q) = |[M(ks Kl Jim [134(000 - O)
<oo

j times j times

= 0.

For any interval J C {te | t € R} N[0, 1]* we can find an n and ky, ..., k,
such that J C proj(C(k1,. .., k,)). We will show that for this C(ky, ..., k,):

ﬂ proj(C(ky, ..., k,,0,...,0))
m=0 N——

m times
is not contained in the projection almost surely. That is let Z,, denote the

number of retained shapes in C(ky,...,k,,0,...,0), then Z,, is the sum of
——

m times

the number of shapes A, B and C in C(ky,...,k,,0,...,0). The expected
——

m times
number of these are the column sums of M(k;...k,000...0) respectively
N—_——

m times
(the first column sum is the expected number of shapes A, and so on), hence

the expectation of the sum of shapes which is the sum of the expectation of

the shapes, is smaller than 3 times the maximum number of shapes, i.e. the

1 norm of M(ky ...k, 000...0):
——

m times

E(Zn) < 3|[M (ki ... % 000...0)||1

m times

and by Markov’s inequality

P(Z,>1) <E(Z,) — 0as m — co.

20
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The projection has The projection does not The projection contains an
zero Lebesgue contain an interval a.s. interval a.s. conditioned on
measure a.s. non-extinction

D C

0.146  0.148 0.15 0152  0.154  0.156 0.158 0.16 0.162 0.164  0.166 0.168 0.17 0.172 0174 0.176
3 1
20 6

Figure 2.3: The parameter intervals for p in the case of the random Menger

sponge.

Hence for one given interval the probability that this interval is contained in
the projection is 0. To prove that this hold simultaneously for all the intervals
of {te|t € R} N [0,1], observe that for any J interval of {te|t € R} N [0,1]*
we can find a sub-interval J,;, with rational endpoints a and b such that
Jap C J, hence if the projection contains J than it also contains J,;. Since
there are only countably many rational numbers we can use the union bound

to prove the statement.

P(3 an interval J C proj(A))

<P U dwcrroih)) < 3 X Pl € roj(a) =0

a,beproj(I) b a
a,beQ
a<b

We know that the three-dimensional homogeneous Mandelbrot percola-
tion contains an interval a.s. conditioned on non extinction in the case when
it’s Hausdorff dimension is greater one. We can see that this is not the case
here because conditioned on non extinction the random Menger sponge has
__ log(20p)

Hausdorff dimension dimy (M) = <555
1

than 1 iff p > % = % < % = 5. In Figure 2.3 one can see our knowledge

with probability 1, which is greater
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CHAPTER 2. INTERVAL IN THE PROJECTION

of the projection with different choice of the values of p at this point. When

p > %, we are in the red interval, the projection contains an interval a.s.

conditioned on non extinction. Whenever p < % a.s. the projection does not

contain an interval, at the purple interval we don’t know more, but in the

3

550 We know that a.s. the projection of the Menger

green interval, when p <
sponge has zero Lebesgue measure, since dimy(M,) > dimgy(proj(M,)),
hence the Hausdorff dimension of the projection is less than one, meaning
it’s Lebesgue measure is 0. In the next chapters we turn our attention to the

purple interval in Figure 2.3.

22



Chapter 3

The Lebesgue measure of the

projection

In this chapter we will give a condition under which the projection of the
three-dimensional Mandelbrot percolation has positive Lebesgue measure al-
most surely conditioned on non extinction. The proof in this chapter follows
the lines of [6], although we can not use the results of the article, because the
argument is concentrated on the sum of two independent one-dimensional
Mandelbrot percolations, but the proof can almost entirely be used in our
case too. At some points we simplified the arguments since our situation is
somewhat less complicated because of the lack of dependence, but the main
ideas remained the same. In this chapter we will use the same notations
as we did in the previous chapters.The main idea of the proof is to use the
theory of Branching processes in random environments (in short, B.P.R.E.),

hence we start with a brief overview of the relevant parts.
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CHAPTER 3. THE LEBESGUE MEASURE OF THE PROJECTION

3.1 Branching processes in random environ-
ment

In this section we briefly summarize the relevant parts of [1]. Assume that
0, is a discrete time stochastic process on some probability space where the
set of elementary event is ©, this will be the environmental process. For
each € € O there is an associated probability generating function: y(s) =
Z;o pj(0)s?. For the realizations of § = (6p,0;,...) a branching process
Z, evolves, namely: let Z, = 1, and Z; = Zfzol X1,;, where the random
variables X ; are independent and distributed according to the p.g.f. ¢y,
similarly: Z5 = ZZZ:H Xs;, where the random variables X5 ; are independent
and distributed according to ¢y,, and so on. We denote the probability and
expectation corresponding to this branching process by Prob and £. Assume
that {6;(w)}i=12,.. is a stationary and ergodic process. Let B denote the event

of extinction and we define the extinction probabilities ¢, ¢(#) as follows:

B:={w: Z,(w) =0 for some n}
q := Prob(B)
q(0) := Prob(B|o(6y,0y,...)).

Further let ¢~ = —min(a,0) and ™ = max(a,0). Then
Theorem 3.1 (Theorem 3 from [1]). If
= log(1 — 4, (0))] < 00 (3.1)

and
Ellog (i, (1)) < Eflog (g, (1))]" < oo. (3.2)
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CHAPTER 3. THE LEBESGUE MEASURE OF THE PROJECTION

Then
Prob(q(f) < 1) = 1.

3.2 Conditions, theorem and proof

Condition 3. I' = 757172 > 1 (for the definition of 7; see (2.2))

Remark. Assume that Condition 3 holds, then for
D= {(2,], k‘) € {O, 1,2}3 P Dijk > O}

we have #D > 3. Otherwise, it follows from (2.2) that at least one of o, 711,
o has to be 0. Observe that

Z Dijk = #D #p H Dijk > 3.
(i,3,k)€D (i,3,k)eD

Namely, the first inequality follows from the inequality of arithmetic and
geometric means and the second one follows Condition 3. Thus the a.s.

value of the Hausdorff dimension under non-extinction:

log(Z(i,j,k)eD Pijik) S log(3)
log(3) log(3)

Condition 4. For all i € {0,1,2} the expectation matrix M (i) has a

positive row.

The geometric meaning of Condition 4 is that for every first level column
C' k, we can find a O-level shape U (in other words a zero level column C;)
such that with positive probability at the next level we retain all three kind

of shapes in Cj, coming from U.
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CHAPTER 3. THE LEBESGUE MEASURE OF THE PROJECTION

Theorem 3.2. Assume that Conditions 3, 4 holds, than the projection of
the three-dimensional Mandelbrot percolation, proj(A), has positive Lebesgue

measure almost surely conditioned on non-extinction.

Proposition 3.3. If Conditions 3,4 hold than there exist a Borel set K C

0, \/5] of positive measure such that for Lebesgue almost all x € K we have
P(x € proj(A)) > 0.

First we verify Theorem 3.2 assuming Proposition 3.3. Namely, first
we show that the projection has positive Lebesgue measure with positive
probability if Proposition 3.3 holds, then using statistical self-similarity as in
the proof of Theorem 2.2 we will show that the positive measure property is

a 0-1 property, which completes the proof.

Proof of Theorem 3.2 assuming Proposition 3.5. First we will prove that with
positive probability the Lebesgue measure of A is greater than 0. E(L(proj(A)))
> 0 hence E(L(proj(A))) > 0 if and only if P(L(proj(A)) > 0) > 0. Hence
it is enough to prove that E(L(proj(A))) > 0.

E(L(proj(A))) = / L(proj(Aw))) dP(w)

:/Q/[Oﬁ]ﬂ[xepmj(/\() )] da: dP(w // [z € proj(A(w))] dz dP(w)
:/K/Q]l[xeproj(/\(w))] dIP’(w)d:p:/ P(x € proj(A))dz > 0

K
Now we will prove that P(L(proj(A)) > 0) = 1 under non extinction. Let
e = P(L(proj(A)) > 0) > 0. For (i,,,j ,k,,) € En, the Mandelbrot percola-
tions starting from I; ;  ~arerealizations of independent copies of the origi-

nal Mandelbrot percolation A, hence P(L(proj(A)) =0|&, > N) < (1—¢)V.

26



CHAPTER 3. THE LEBESGUE MEASURE OF THE PROJECTION

Also we know that under non extinction, if the Hausdorff dimension is
greater than 1, the number of retained squares grows exponentially, hence

P(&, < N) — 0 as n — oo for any N.

P(L(proj(A)) = O|A # 0) = P(L(proj(A)) = 0|€, = N)P(E, = N)
+P(L(proj(A)) =0|E, < N)P(E, < N) < (1 —e)N +P(&, < N).
The second part tends to 0 as n — oo as we argued above, and € > 0 hence

(1 — &)™ also tends to 0 as N — oo. Thus indeed P(L(proj(A)) = 0|A #
) =0. O

Proof of Proposition 3.3. We can use Lemma 2.3, because Condition 4 im-
plies Condition 2. Hence there is an 4,5 € {0,1,2} such that with positive
po probability C; ; contains a level-1 A, B and C shape, and let £/ denote this
event: E:= {3 alevel-1 A, B,C C C;; N A;}. Without loss of generality we

may assume that C;; = Cy 1. Let

K =proj(Ci,) = [%3, %gl ;

and U ~ Uniform(K), and Prob be the distribution of & and £ be the

corresponding expectation. Then U has a triadic expansion:

W3 VB[
“ZT*?(Z§>

=1

If we can prove, that
Prob(P(U € proj(A)) > 0) =1, (3.3)

then beacuse py > 0, and K is a Borel set of positive Lebesgue measure we

can conclude that Proposition 3.3 holds.
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To prove (3.3) above, we will use the theory of branching processes with
random environment. Namely we will define a B.P.R.E, the triadic decom-
position will provide the environment, and the branching process will be the
counting process of the {A, B, C} triplets in the columns given by the envi-
ronment. First we fix a large N to be defined later (see (3.8)). Conditioned
on the event E fix Ag, By, Cy such that Ag is an A shape, By is a B shape and
Cy is C shape, and they are contained in C;; N'A;. Now we define Triplety

inductively for a given i = (ig,i1,...) € {0,1,2}:
Triplet, = {(Ao, Bo, Co)}
and if we have Triplet,_; = {(A%, B¥1 O 1) ... (A1 BE-1 Ck1))

then Triplet, will contain all the level kN + 1 triplets in C114,,..i.n N Aknt1
conditioned on E, more precisely a triplet (A, B, (') is in Triplety, if

1. A is of shape A, B is of shape B, C is of shape C.
2. A, B and C are level kN + 1 shapes.
3. None of A, B and C is contained in other triplet from Triplety.

4. A, B, CcC 017172'0,” N AkN—H-

RN
5. A,B and C are descendants of some shapes of one triplet in Triplet;_;.

Then for 6 = (6,61, ...), where 0 = (ipni1, ... V)N ), let

Z(0) =1

Z3.(0) = #Triplet,,

Z, is B.P.R.V, because Z;,1(0) = Ziz:’“l@ Xii(6), where Xy, ;(0) is the num-

ber of triplets coming from the *" triplet of Triplet;. The random variables
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Level 1 LeveI 2 LeV€| N

Columnl ,; T e { é‘
e ' -
' g o - ¢>{[L

Dy . o1y

]
_,,;/
i

B':> . e

Figure 3.1: The explanation of the selection of the triplets: In this figure

we show a possible realization. The initial triplet is A,B,C under the text
"Level 1”. In column 1 shape A gives birth to two shapes (this is denoted
with the pink arrow), one is of type A (denoted with color pink) and on is of
type C (denoted with color green). In the same column shape C gives birth
to two shapes, both is of type B, and the last — the level-1 B shape gives
birth to one shape of type C. The process goes on for the next N-2 levels,
and the N level shapes coming from the second level shapes are below the
text "Level N7, for example the second level A shape N-2 levels later only
has a descendant of shape A. The second level C shape, which comes from
the first level A shape, has two descendant both of shape B, and so on. The
shapes with blue border forms triplet, and the shapes with burgundy border

forms another one, and we don’t have any other triplets.
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CHAPTER 3. THE LEBESGUE MEASURE OF THE PROJECTION

X ;“(5) are independent, because for a given m* level column, and m'* level
retained shapes U and V', what happens in U and V' at later levels are inde-
pendent of each other, since in a column the shapes are from different m*
level retained squares. Also they are identically distributed because they are
independent realizations of scaled copies of the first triplet. 6y, 60:,... are
independent and identically distributed, hence the environmental process is

indeed a stationary ergodic process. Further if {Z,(0)} does not die out for

0 = (0p,6,...) = (1, ANs - TEN41s - - - Ikt 1N, - - - ), then conditioned
on E:

AVERNRVAY gy ¥ .

T+?<;3—]> Ep?"Oj(A).

Now we will use Theorem 3.1 to prove equation 3.3, but first we introduce
some more notations. Let g(k, V') denote the probability, that a level 0 shape

V has descendant of at least one from each of the shapes in the k" column:

q(k,V) =P(3 alevel one A, B and C shape C C;; N Ay,
where i=0 if V=A, i=1 if V=C and i=2 if V=B.).

Also

= min  max q(k, V).
ke{0,1,2} VE{A,B,C}

Lemma 3.4. Under Condition 4: q > 0.

Proof. We prove that for any k € {0,1,2} maxyegapcyq(k,V) > 0. Fix
k. Then by Condition 4 M (k) has a strictly positive row, assume that it is
the j'" row and let U=A if j=1, U=B if j=2, and U=C if j=3. Let Xy =
#{W is a retained level one W shape in U in the column k}. We would like
to prove that P(X4 > 0 and Xg > 0 and X > 0) > 0, which is equivalent
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CHAPTER 3. THE LEBESGUE MEASURE OF THE PROJECTION

to E(Xa - Xp - X¢) > 0. As the events that we retain shapes in the same
columns are independent E(X, - Xp - X¢) = E(X4) - E(Xp) - E(X¢) =
M(k)jJ . M(lf)jg . M(k’)j,g, > 0. O

Also let

(

A if maxye(p,ct < C](k‘,A),

U(k) = arg VG%}X&;{C} Q(ka V) = B if mava{Avc} < q(k:, B),

C otherwise,
\

Now we examine the assumptions of Theorem 3.1, starting with (3.1).

1
E[-log(1 - ¢(0))] = 5 —log(1 = y,...in)(0))
(814N
€{0,1,2}~
1
= 3_N Z — log(l - 90(7,1 ..... ZN)(O))
(81,-yN)
€{0,1,2}~
1 ) .
= v Z —log(1 —P(Z,(6y) = 0|6y = (i1,...,in))
(i1, iN)
€{0,1,2}V

That is if P(Z1(6p) = 0|0y = (i1, ...,in)) < 1 for all (iy,...,iy) € {0,1,2}V
then the above expression is less than infinity. By the definition of ¢(k, V)
and ¢:

P(Z1(0p) > 0|60 = (i1, -..,in)) > pog” >0,
hence the first assumption is satisfied. Take a look at the second assumption

of Theorem 3.1, (3.2):

Elloa(eh, (1) = 55 3 ToBE(Z @) = (ir,..ix))
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To verify that the second assumption also holds, we need to prove that

L > 1o(EE@)0 = (....ix)) > 0. (3:4)

In order to do so recall the defintion of ZV (k) (equation (2.3)), using math-

ematical induction we show that for any V € {A, B, C}:
Elog(E(Z" (i,,)))] > nlog VT, (3:5)
where I' = 79 - 71 - 72. For n=1, regardless of the choice of V:
E[log(E(Z" (in)))] = %(log(E(ZV(O))) +1log(E(Z" (1)) + log(E(Z"(2))))
= < (loa(0) +log(n) + loa(72)) = log VT,

Now assume that it holds for n = k — 1, we show that it holds for n = k. For
a given i, = (iy,...,ix) and shape V, let ay = E(Z%Y (ix)), then Y, ay =
E(ZVY (ir)) = ~; for some j. It follows from Lemma 2.1, that

. . ay .
EZ"@)) = > awEZG )= >, —vEZY)
Ue{A,B,C} Ue{A,B,C} i
ay#0 ay#0

hence, by the concavity of the logarithm function:

. ay .
log(B(ZV (i) = > —log(yE(ZY (i) _y)))
Ue{A,B,C} Vi
ay#0
as+ap+ac ay )
=" Clog(y)+ >, —logE(ZY(ix 1))
i Ue{A,B,C} i
ay #0

First we calculate the expectation of the first part:

£[14 18T 1og(ny)] = Ellon(ry)] = 5 los(T), (3.6)

Vi
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and now we lower bound the more complicated second part:

5[ 3 “—?log<E<ZU<zk_1>>>]

Ue{A,B,C} Vi
ay#0

= Z E[Q—Cf]s[log(E(ZU(Zkfl)))]

Ue{A,B,C} 3

ay#0
> Y 5{“—’7](k;—1)1og(€ﬁ)
Ue{A,B,C} i

CLU7£0

where the first equality follows from the fact, that the choice of the next
column is independent of the choice of the earlier columns, and the second

inequality follows from the induction hypothesis.

3 5[“—] (k — 1) log(VT) = (k — 1) log(VT)E [i 3 aU]

U
veiapcy M W ve(an ey
ay#0 ay#0

= (k—1)log(VT). (3.7)
Consequently adding up (3.6) and (3.7) leads to:
Ellog(E(Z" (iy)))] > log(VT) + (k — 1) log(VT) = klog(VT).

Hence we verified (3.5). The next step is to show that (3.4) holds. Observe
that Z,(0)|0p = (iy,...,iy) is the number of level N triplets coming from the
first level 1 triplet in the column C; ;1 ;, ;. This can be lower bounded with
the number of level NV triplets coming from the level N —1 U(iy) shapes in

the column Cy ;;, . ;. Therefore

E(Z21(0)|60 = (i1, ...,in)) = E(ZY ) (iy, ... in_1)) - q(in, Ulin))
> E(Z70) ¢
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hence by the previous inequality and (3.5):

8(log(E(Zl(§)|00 = (i1,...,1n))))
> &(log(E(Z2V))) + log(q) > (N — 1)log(VT) + log(q).

We know that T' > 1, hence log(v/T') > 0 and ¢ > 0, hence we can choose N
such that
(N — 1) log(VT) + log(q) > 0. (3.8)

In this way (3.4) is satisfied, hence from Theorem 3.1 it follows that with
positive P probability the process does not die out with Prob probability
1. O

3.3 The case of the random Menger sponge

It follows from the definitions (see (2.7)) of the matrices M (i), i = 0, 1, 2 that
for the Menger sponge, Condition 4 holds whenever p > 0, because the third
row of the matrices are positive in that case. We have seen at the beginning
of Section 2.2 that vy = 8p and v, = v = 6p, hence vy - v1 - v2 = 8p - 6p - 6p.
Thus Condition 4 is satisfied if p > (8-6- 6)_5. It follows that the parameter
interval can be subdivided into four subintervals, as in Figure 3.2, the first
and the last was already introduced in the previous chapter. The two middle

intervals have the following properties:

° , in this thesis we don’t cover this interval, but it
is worth mentioning, that in an article which is under preparation we
verified that for some p > 23—0 if 23—0 < p < p, then proj(M,) has 0
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The projection has The projection has positive Lebesgue ~ The projection contains an
zero Lebesgue measure but does not contain an interval a.s. conditioned on
measure a.s. interval a.s. conditioned on non- non-extinction
extinction
D L C
0.148 0.15 0.152 0.154 0.156 0.158 0.16 0.162 0.164 0.166 0.168 0.17
3 -1 1
20 (866): 6

Figure 3.2: The parameter intervals for p in the case of the random Menger

sponge.

Lebesgue-measure almost surely despite the fact that M, has Hausdorft

dimension greater than 1 almost surely conditioned on non extinction.

1 . .. . . .
o ((8:-6-6)73, % , choosing p from this interval give rise to having an
almost sure positive measure projection conditioned on non-extinction,

however with probability one the projection does not contain an inter-

val, as it was shown in the previous chapter.
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Conclusions

In this Thesis we had been proven two theorems about the projection of the
three-dimensional inhomogeneous Mandelbrot percolation fractal, although
the most interesting part is the example — the Menger sponge. In [9] Karoly
Simon and Lajos Vago6 proved (among other things) that in three dimension
(and in two also, see [7]) in the homogeneous case whenever dimg A > 1 the
projection contains an interval almost surely conditioned in non extinction,
and when dimg A < 1 the projection has zero Lebesgue measure almost
surely. We had seen in two dimensions ([8]) that this is not the case when
we have inhomogeneous probabilities, that is the two authors had shown
that for the random Sierpiniski carpet, it is possible that dimg(A) > 1 (a.s.
conditioned on non extinction) and concurrently the projection to one of the
coordinate axes does not contain an interval. What we know of the Menger
sponge is more, we mentioned — although not proved — that it is possible
that dimy(M,) > 1 and the Lebesgue measure of the projection is zero, we

also proved that it is possible that the Lebesgue measure of the projection is

36



CHAPTER 4. CONCLUSIONS

Figure 4.1: The projection of the Menger sponge, level 1. The notation is

Name of the interval: number of cubes which projection is the given interval.

not zero, but it does not contain an interval. This second phenomenon is of
further interest as we explain.

It is an open question whether or not there exists a (deterministic) self-
similar set on the line with positive Lebesgue measure and empty interior,
for more details see [2]. We now show an example of such a set, although
not in the deterministic but the random case. Instead of the random Menger

sponge we turn our attention to the projected IFS (see Figure 4.1), namely:
proj i R? — R, Z;Fc)j(:v,y,z):a:jty—l—z (4.1)
and
~ — — 1
Sijk =projosS;jxoproj , fori,j ke {0,1,2} (4.2)

Si ik was defined in (3.4). Now consider the random attractor (denote it
Kp) of the IFS S = {p,r\/0] © Sijktajres (for the definition of J see (see
(1.4)), which we get by applying the rules of the homogeneous Mandelbrot

percolation with a parameter p € [0,1]. /NXp has the same distribution as
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proj(M,), hence using the results of this thesis for p € ((8 -6 - 6)_%, %):
Kp has empty interior almost surely, and positive Lebesgue measure almost

surely conditioned on non-extinction.

38



Bibliography

Krishna B. Athreya and Samuel Karlin. “On Branching Processes with
Random Environments: I: Extinction Probabilities”. In: The Annals
of Mathematical Statistics 42.5 (1971), pp. 1499-1520. 1sSN: 00034851.
URL: http://www. jstor.org/stable/2240275.

Balazs Barany, Karoly Simon, and Boris Solomyak. “Self-similar and

self-affine sets and measures”. unpublished. 2021.

Michel Dekking. “Random Cantor Sets and Their Projections”. In: Frac-
tal Geometry and Stochastics IV. Ed. by Christoph Bandt, Martina
Zahle, and Peter Morters. Basel: Birkhauser Basel, 2009, pp. 269-284.
ISBN: 978-3-0346-0030-9.

Michel Dekking, Karoly Simon, and Balazs Székely. “The algebraic dif-
ference of two random Cantor sets: The Larsson family”. In: The Annals

of Probability 39 (Jan. 2009). DOI: 10.1214/10-A0P558.

Kenneth J. Falconer and Geoffrey R. Grimmett. “On the geometry of
random Cantor sets and fractal percolation”. In: Journal of Theoretical
Probability 5.3 (July 1992), pp. 465-485. 1sSN: 1572-9230. DOI1: 10.1007/
BF01060430. URL: https://doi.org/10.1007/BF01060430.

39



BIBLIOGRAPHY

Péter Méra, Karoly Simon, and Boris Solomyak. “The Lebesgue mea-
sure of the algebraic difference of two random Cantor sets”. In: Inda-
gationes Mathematicae-new Series - INDAGAT MATH NEW SER 20
(Mar. 2009). DOI: 10.1016/S0019-3577 (09)80007-4.

Michat Rams and Karoly Simon. “Projections of fractal percolations”.
In: Ergodic Theory and Dynamical Systems 35.2 (2015), pp. 530-545.
DOI: 10.1017/etds.2013.45.

Kéroly Simon and Lajos Vago. “Fractal percolations”. In: Banach Cen-

ter Publications 115 (2018), pp. 183-196.

Kaéroly Simon and Lajos Vago. “Projections of Mandelbrot Percolation
in Higher Dimensions”. In: Springer Proceedings in Mathematics and

Statistics 92 (July 2014). DOI: 10.1007/978-3-319-08105-2__11.

40



