THESIS

Mandelbrot percolations with inhomogeneous
probabilities

Vilma Orgovanyi

Supervisor: Prof. Karoly Simon
Professor of Mathematics

BME Institute of Mathematics

Department of Stochatics

BME
2019



Contents

1 Preliminaries 3
1.1 Introduction . . . . . . . ... ... Lo 3

1.2 Mandelbrot percolation . . . . . . ... ... 4
1.2.1  Construction of the Mandelbrot percolation fractal . . 4

1.3 A brief introduction to fractal geometry . . . . . .. ... .. 7

1.3.1 Extinction probability, Hausdorff dimension and natu-

ral measure . . . . ..o 9

2 Orthogonal Projection of the set E 13
2.1 Condition A(a) and proof . . . . ... ... L. 14
2.2 Condition Bar) . . . . . ... 19
2.2.1 Homogeneous case . . . . . . . . . . ... ... 21

2.3 Hausdorff dimension and empty interior . . . . . . . .. .. .. 22

3 Projection of the natural measure 24
3.1 Projection of a measure . . . . .. .. ... L. 24
3.2 Homogeneous case . . . . . . . . . ... ... 25
3.2.1 Horizontal and vertical projections . . . . . . .. . .. 27



CONTENTS

3.2.2  The general case

4 Conclusions



Chapter 1

Preliminaries

1.1 Introduction

Fractals and self-similar sets are the topic of common interest for long time.
In the twentieth century mathematicians — mainly Benoit Mandelbrot noticed
that most of the fractals in nature or in real life are random fractals. This
thesis focuses on the so-called Mandelbrot percolation fractals or random
percolation sets, a family of random fractals. In a nutshell we have an initial
set, and we retain or throw away certain subsets of this initial set with given
probabilities and in the next level we do the same thing with the retained
squares and so on, for a precise definition see chapter 1.2.1. In our case the
initial set, and also the subsets are squares, and mostly the probabilities are
homogeneous meaning that they are all the same. In this thesis we give a
survey about some of the geometric measure theoretic properties in the above
mentioned homoegeneous case and some result from the last few years in the

inhomogeneous case. It is worth mentioning that Shmerkin and Suomala [10]
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Figure 1.1: Seventh level approximation of realizations with M = 3 and prob-
(0.5,0.4,0.9),(0.6,0.5,0.5)); ps=((1,0.9,0.89),(0.7,0.9,0.6),(1,0.9,0.98)).

gave a very detailed description on the properties of the homogeneous case,

but this text is rather focus on the antecedents of this big result.

1.2 Mandelbrot percolation

1.2.1 Construction of the Mandelbrot percolation frac-

tal

Let I := [0,1]* denote the unit square. For given M > 2 integer and p; ; €
0,1] V¥(i,5) € {0,1, ..., M —1}?* probabilities the Mandelbrot percolation set
in the 2-dimensional Euclidean-space is constructed in the following way: let
Tn = {(En,3,) | iyj €{0,1,.., M —1}"} denote the pairs of n-length
sequences from {0,1,..., M — 1} indexing the level n sub-squares of I, the

empty sequence is denoted by ), as follows Ty = (0, (). Denote the first level
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sub-squares of I of side length i with I, ;:

1 o1+1
;= UM

| d gt
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This is a partition of the unit square into M? congruent squares :

M—-1
I=J Ly

1,7=0

We can define the level n squares similarly: if (i, j ) € 7, then

ZZk Mk,zlk M’“ [Z]k Mk>2]k: M’“ ]\/[” :

Now we have the base for the fractal percolation set. The next step is to

define the survival set &, consists of the index of the retained level n squares.

Definition 1.1. & = Ty = (0,0) and inductively if we have &,_1 and
(lp-1s 3, ) & Enr then forall (i,j) € 0,1, ..., M —1}2 ((i1, oy in_1,1),

(jla ---ajn—bj)) ¢ En, if(infl’in_l) € &1 then ((ila cyln—1, 1 ) (]17' 7jn—17j>>
€ &, with probability p; ;.



CHAPTER 1. PRELIMINARIES

We can also think about 7, as an M?-ary tree with height n and nodes
(ik:J,)- An (i, j,) node has M? children: (ixi,j,J) 4,j € M. For p =
(P0.0s ---s Prr—1,0—1) We can introduce a probability measure P, on the space of
labeled trees. For each node (4;...1,, j1...Jn) We give arandom label X;, ;. . .

this will be 0 or 1. It is required that
1. Xi inji.j. are independent Bernoulli random variables;
2. P(Xyp) =1,

3. Pu(Xiyinign) = Dinyjn-

Thus (c:n = {lenajljn : Xi1,j1 = Xi1i2,j1j2 = e = Xi1...in,j1...jn = 1} Now

the n' level approximation of E is E,, defined by the survival set &,:

E, = U I; ; and from that F = ﬁ E,.

=n

(in-d, )EER n=1

The above defined F is random variable i.e. E:  — {the Cantor sets of %},
where () is an infinite randomly labeled tree, defined above.
Homogeneous and inhomogeneous case

I distinguish two cases, the homogeneous and the inhomogeneous, the first is
when all the squares are chosen with the same probability, so V(¢, j) p;; = p,

and the second is when the probabilities are not the same.

Independence

Although at every level the squares are selected or discarded independently

of each other it is not true that at a certain level the event that two distinct
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square is retained is independent — they are only conditionally independent.
For example look at the case when M = 3 and the probabilities are the
same p. P(I1111 C Ey, I1112 C Ey) = P(selecting the square with index 1,1
and than selecting the small square with index 11, 11 and 11,12)=p> but
P(l1111 C Ey) =P(l1112 C Ey) = P>

1.3 A brief introduction to fractal geometry

In this section I introduce two essential concept of fractal geometry namely

the Hausdorff measure and dimension, and the Box dimension.

Hausdorfl measure and dimension

Let U be any non-empty subset of the Euclidean space, R", diam(U) =
sup{|z — y| : z,y € U}. We call {U;};c; a countable collection of sets a ¢
-cover of U if Vi € I diam(U;) < § and U C |JU;. For § > 0 we define

il

AP (U) =inf{> ., diam(U;)* : {U;}ieris a d-cover of U}.
Definition 1.2. The s-dimensional Hausdorff measure of U is
H°(U) = lim 75 (U). (1.1)
6—0

The limit exists, because as § decreases the infimum increases and ap-
proaches a limit, which limit is usually infinity or zero. If we take a look
at the graph of #°(U) than we’ll see that there is a critical value of s at
which J#°(U) jumps from infinity to zero. This critical value is called the

Hausdorff dimension of the set U. For a more precise explanation see [3].
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Definition 1.3. The Hausdorff dimension of a set U is
dimpy U = inf{s: #°(U) = 0} = sup{s : H#°(U) = oo}. (1.2)

The following property of Hausdorff dimension and measure will be used

in Chapter 2.

Proposition 1.1. Let U C R", f : U — R™ be a mapping with Holder
condition of exponent o i.e. |f(x) — f(y)] < c-|xv —y|*. Then Vs € R
H5(f(U)) < esless(U).

For the proof see [3]. The next proposition easily follows from that:

Proposition 1.2. Let U C R™, f : U — R™ be a mapping with Holder
condition of exponent ae. Then dimpy f(U) < (1/a)dimy U.

Box-dimension

Definition 1.4. F C R™ non empty, bounded. Ns(F') the smallest number
of sets of diameter at most 0 which can cover F. The lower and upper boz-

counting dimension of F' respectively defined as

log N5(F)

dimg(F) = hrgn;gﬁ oo (1.3)
= : log N5s(F)
dimpg(F') = lim sup ——————. 1.4
5(F) nsup (1.4)
If these are equal the boz-counting dimension is
dimp (F) = lim 28 N5(F) (1.5)

50 —logd
Proposition 1.3. If the above limit exists it is equivalent to count with the

smallest number of cubes of side 0 that cover F, instead of Ns(F').

8
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1.3.1 Extinction probability, Hausdorff dimension and

natural measure
Extinction probability

Let #&, (&, is defined in 1.1) denote the number of squares selected in the
n'h approximation set E,. {#&, }nen is a branching process, with the same
offspring distribution as the distribution of #&;. Hence the probability of
our branching process does not die out, which is the same as the probability
of E is not empty is greater than 0 if and only if E(&;) > 1 or V(i,j) €

{0,...,M —1}* p;; =1, where E(§) = Z pij- In the homogeneous
0<i,j<M—1
case the expected number of retained squares in the first level is M?2p, which

1
means that if p > 7 then P(E # () > 0.

Hausdorff dimension

The second important property of the Mandelbrot percolation set is the above
defined Hausdorff dimension of it. The formula for the Hausdorff dimension is
similar to the deterministic case, for self-similar sets. As Falconer [4] proved
the Hausdorff dimension of a random Cantor set E is given by
log Z Dij
_ log(E(#£&1)) 0<i,j<M—1

dimy(E) = oM log M (1.6)

almost surely conditioned on {F # (}. Later it will be important that the
Hausdorff dimension of the set E is greater than 1 if and only if E(#&;) > M.
Again in the homogeneous case — when E(#&;) = M?-p it is straightforward
that the above inequality holds if and only if p > ML
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Natural measure on the set E

In this section we show a method to define measures on the Mandelbrot
percolation fractal. In particular we introduce two measures: the weak*
limit of 1, — the normalization of the two dimensional Lebesgue measure
restricted to the n'* approximation set, which turns out to be a probability
measure, and the weak™ limit of y,,; another measure, which has a martingale

property in certain cases (see Chapter 3).

Theorem 1.1 (Riesz). Let X be a locally compact Hausdorff space. For any
bounded linear functional F' on C.(X) there is a unique reqular Borel measure

woon X such that
FU) = [ f@duta)

for all f in C.(X). Moreover if F' is positive than u is positive too.

Let A, denote the n-dimensional Lebesgue measure, and \,|A the restric-
tion of the n dimensional Lebesgue measure for the set A. For every level
n approximation we can define a probability Borel measure in the following

way:

_ MlE(A) Na(E, N A)
A) = = .
Mn( ) )\2(En) H#E, - M—2n

Now if we let n go to infinity, than we get the natural measure for the set E.

From [7] we know that u, converges in weak™ sense to a measure as n goes

to infinity so

= lim 1.7
As Mauldin and Williams([7]) use a different — more general approach I will
sketch below the idea of the proof in our case. Let W = lim,,_o ﬁ
E(#&)

10
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From the theory of branching processes [1, page 9] we know that this limit
exists almost surely, and greater than 0 conditioned on non extinction. Fur-
thermore let £ ; )& = {(inir: J ok )+ the first n terms of i, and Join 18

the fixed 2,, and J, respectively} denote the k' level offsprings of (i,,, J )

HEi g ) .
(#—6:1)’“’ we also know that W = 27, J,EEn B

. &
which has the same distribution as %VV%“ and from that W; ; has
np

M _
5 W . (Note that E(#&)" = (Z%:épu)n)

n

Let B denote the Hausdorff dimension of the set E. Define a functional
1 B
F: C(R?) — R such that F(f) = limy, o0 )5, S e, f(5i, 5 )(W) where

si,; €I ; . Mauldin and Williams prove that for almost all w realization

and W; ; = limy

the same distribution as

of the Mandelbrot percolation fractal and for all f € C.(R?) F,, is well de-
fined positive bounded linear functional with norm W(w). This means by
Riesz theorem that there exists a regular Borel measure p,, on R? such that

fRQ x)dp,(x). Furthermore Mauldin and Williams prove that for
all A compact subset of ]RQ

p(Ad) = lim Y (%)BWM a.s.. (1.8)

n—oo T
inyd, EEn
Il.n*l.nm‘A#Q)
Hence
_ 1\’ mm?
pA) = T > (W) el
inyd €En
IinvlnﬁA#w
, 1 B . M|EL(A) .
J Zg gz W =W lim ST =W lim i (A).
I 5 A0

11
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And almost surely pu(E) = W. So as g = %: [t is a probability measure
defined on the Borel sets of R2.

12



Chapter 2

Orthogonal Projection of the
set E

Among other geometrical properties, we can investigate the projection of our
Mandelbrot percolation sets. First Falconer and Grimmet [5] proved that
the projection to the coordinate axes contains an interval with probability 1
if Vi > ;pij >1and Vj > pi; > 1 otherwise the projection almost surely
does not contain any interval. Later Simon and Rams [9] showed that this
can be generalized to all direction. It is straightforward that if the Hausdorff
dimension of F is strictly less than one, then the Hausdorff dimension of
the projection is strictly less than one by Proposition 1.2, as the projection
is Holder continuous with exponent 1. It means that the one dimensional
Hausdorff measure of the set is 0, so the one dimensional outer Lebesgue
measure is zero too, which means, that it can not contain any interval. In
the next section I will introduce a condition which ensures almost sure non-

empty interior for the projection to all directions. We will not cover the

13
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Figure 2.1: The modified projection

whole proof only the intuition behind the proof.

2.1 Condition A(«a) and proof

For the above mentioned reason assume that the Hausdorfl dimension of

M-1
1,7=0

E is strictly greater than 1, so > pij > M. Instead of looking at the
orthogonal projection to a line which has « angle to the x-axis, we will
investigate the non-orthogonal projection to one of the diagonals of E —
denoted with A, — depending on the size of a. If a € (O, g) then A, is
the interval ([0,0],[1,1]), and if « € (g,ﬂ') then A, is ([0, 1], [1,0]). Denote
this projection with 15« : I — A,. Also let %, (z) = (I15=)~!(x) denote the
segment through z € A, with angle v in [ (see Figure 2.1). Let Gi, g 1 —
I;,j denote the contraction, namely ¢; ; (z,y) := M "(z,y)+1; ; , where

t;,j 1s the lower left corner of I; ; . Simon and Rams define Condition

“n n

14
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«
[2

Figure 2.2: %, (x), I, IS,

A(a): for a given a the percolation model satisfies it, if there exist closed
intervals I7*, I$ in the interior of A,, and a positive integer r, such that I3 is
in the interior of I§' and for all x € I5' the expected number of 7, level small
squares which intersects .2, () in a point which contained in the ¢; Jr (I9)
interval is greater or equal than 2 (see Figure 2.2).

If that condition is satisfied for a given « then the projection contains an
interval with positive probability. For the proof Simon and Rams use large
deviation estimation, the robustness of Condition A(«) and the statistical
self similarity of the set. The robustness of A(a) means that there is small
neighborhood of a such that if Condition A(«) holds, then it holds in that
small neighborhood too, and in that neighborhood we can use the same I, I,
intervals and r, integer. To see this choose § to be the greatest number such

that the d-neighborhood of I; is still in the interior of I, as these are closed
0
0 is positive. Let I3 denote the closure of the 3 neighborhood of I;. Now

if 7 € o —

, then the maximum distance between %, ()

3Mr 3M7"w]

15
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\

L (i)

\

ENCA

J
and %, (z) in I x I is less than i which means that those small squares

which Z,(z) intersects in a point in ¢; ; (1), intersects Z7(x) in a point
in ¢; ; (I5), call it intersection in the right way. The extract of the proof is
the following. First we show that if Condition A(«a) hold for a given « then
the interior of the projection will not be empty, thus we can conclude that
if H C (0,pi/2) and for all & € H Condition A(«) holds then for all « € H
for almost all realization proj,F contains an interval. This means that for
every a € H the set of bad realizations has measure 0. On the second part
we show that we can state something stronger (see 2.1) namely that if H has
certain properties then the union for o € H of bad realizations has measure
0 even if H is an uncountable set. Assume that Condition A(«) holds with
I, Iy, r. Let Dy(x, I, ) = {(iy, ] ) : Za(x) intersects ¢; ; (1)}, and Vi, (z) =
#{(lpsJ ) € Eur N Dy, [y, ) } the number of level n - r squares we kept,
which intersects 2, (z) in the right way. We will show that [; is contained

16
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in the projection with positive probability, so for all x € I; at every level we
can find squares which we kept, and the projection of the square contains x,
more precisely — to be able to use statistical self similarity — the projection
contains x in the middle. For that define a finite set X, such that X,, contains
the endpoints of I; and the distance between its points is less or equal than
IM~"" where 6 = sup{d : By(I;) C I2}. in that way the size of X,, will be
relatively small (#X,, < ¢cdM~""), and the ]Zm’im squares which intersects
Zo(Ty) in gbimvlnr(h) will intersect Z,(2y,—1) and 2, (1) in Dirrd (1)
(So Yy € [Tm-1,Tms1] : Dpr(Tm, I1,) C Dpr(y, I2,@)) By Condition A(«)
this means that the expected number of level (n + 1)r level squares which
intersects %, (Z,,+1) in the right way is at least twice as much as those which
intersects %, (x,,) in the almost right way — in some Dird (I5). Using this if
Vi(zn) > (3/2)" Va,, € X,, than for each level n - r square which we counted,
the expected number of offsprings is greater or equal than 2. As 3/, < 2
and the number of squares is greater or equal than (*/5)" using the Chernoff

bound we get the following for all z,, 11 € X, 11:
P(Vis1(2ns1) < (3/2)" T Va, € X, Vi(z,) > (3/2)") < e B/2"G/2)
hence there exist a 0 < I' < 1 such that:
P(Vos1(znt1) < (3/2)" |V, € X, Vi) > (3/2)") < re/2)"
thus:

P(Vos1(znt1) > (3/2)" Ve, € Xy, Vil(mn) > (3/2)") < (1 — /2"

17
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which means using conditional independence and that #X,, < cM "+

P(an+1 € Xns1: Vo1 (#ng1) > (3/2)" WV, € X, 2 Vi(20) > (3/2)”)

< (1 _ F(3/2)n)cM(n+1)r‘

As Vo(z) = (°/2)°

P(¥nVa € X, : Vi(a) > (3/2)") = B(Vy > 1) [] (1—1@2") M

The last inequality holds, because the product converges to non zero num-
ber if and only if the sum y_ log [(1— FS/T)CMWH)T} =3, Mt ]og (1
Le2") <3 eMOHDrTE/2" converges, and it does. With this we are ready,
because if = is contained in I; but In such that x ¢ X,,, at every n-r we can
find x,, € X,, such that z, is close enough to x and those level n - r squares
which project to z,, project to x too as D,,.(x,, [1,«) C D,,(x, Is,«). Using
statistical self similarity this means that for all n for all level n small square
in F, the probability that their projection does contain an interval is € > 0.
So P(the projection of F contains no interval conditioned on E' is not empty)
< P(#E, < N|E # 0) + (1 — e)N. The first part tends to 0 as n — oo and
then as N — oo the expression tends to 0. For set of angles the proof is
modified in a way that we estimate the probability of the unwanted event
not just for a finite set of points in A, but for a finite set of directions too,
this again is a relatively small set compared to the super-exponentially small
probability of the unwanted event. For a similar proof see Chapter 3.2.2.
For the final result consider a compact set K of angles. By the robustness
of Condition A for every o € K there exists an interval where Condition

A(«) is satisfied. We can choose this interval to have rational endpoints (call

18



CHAPTER 2. ORTHOGONAL PROJECTION OF THE SET E

this interval J,,), and a set of these makes a countable cover of K, so as K
is compact, there is a finite cover of K with the sets {J,,;}%,. For all i
for almost all realization for all 7 € J,, ; the projection contains an interval.
This means that for all i € {1,2,...,k} the set of bad realizations (which
projection has empty interior) has measure zero, so the finite union of these

realizations is a zero measure set too, and we are done.

Theorem 2.1. If K € [0, 27| a compact set of angles, and Yo € K Condition
A(a) is satisfied, than for almost all realizations for all o € K proj,(F)

contains an interval.

2.2 Condition B(a)

In most cases Condition A(«) is not easy to check, so Simon and Rams in-
troduce Condition B(a) which implies Condition A(«), and which can easily
be checked for example in the homogeneous case. For this we introduce
some more notation, to be able to define Condition A(«) more precisely.
First recall, that IT5= is the projection onto the diagonal of I: A, and
¢i,; 1is the contraction of I to I; ; . Let ¢q, ; denote the inverse of
12« o Qbimln Ay — A,

(%

Fof(x)= > pij-fothaij(@) (2.1)
(4,9)
zellz® (I ;)

and similarly

Flfle)= > Ping f O Yy, (T) (2.2)
(in>d,,)
meﬂﬁ"‘([imln)

19
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Definition 2.1 (Condition A(«)). The fractal percolation model satisfies
condition A(a) if there exist closed intervals I, 1§ C A, and a positive

integer ro, such that:
(i) I C int IS,
(i1) 1§ C int A,
(iii) Flolpe > 21 0.

Definition 2.2 (Condition B(«)). A fractal percolation model satisfies Con-
dition B(a) if there exist a continuous function f : A, — R such that f is
strictly positive except at the endpoints of A, and F,f > (1 +¢)f for some

e>0.
Proposition 2.1. Condition B(a) implies Condition A(«).

Proof. Assume that Condition B(«) holds for some f and e. In the first part
of the proof I will show that we can choose non-empty closed intervals I; C

intly and I, C intA, such that for

g1=fln,92= fln : Fagi(z) > (1 +€/2) - g2(x) Vo € L. (2.3)

Let W= {x € A, :30>1,§,> M, v =115(i/M,j/M)} the projection
of the mesh 1/M grid points in 1. Let W, denote the two endpoints of A,
and Wy = W \ Wy. And let n > 0 be fixed such that:

. min f(z) > (M +1)? Sgp{f@) rx € B, (W)} (2.4)

2 xeBn/]M (Wl)

If we let Iy be A, \ B, (W) and I, to be A, \ B,/m (W) then equation 2.3
holds, because I, = (Aq \ By (W)) U By ar(Wh).

20
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L If v € Ay \ Byym(W) then Fogi(xz) = Fof(x) > (1+¢)f(x) > (1 +
£/2)g2(x).

2. And if z € B, (Wh) then Fogi(z) > Fof(z) — (M 4+ 1)%|f — 1]l >
(1+¢/2)f(x)+ (e/2f(x) — (M +1)?||f — g1]|) and as the second part
is greater than 0 by the definition of n: F,gi(z) > (1 +¢/2)g2(z).

Now let r be the smallest integer satisfying

<1 + E)r Z 9. mz'iXath gl(x)
2 minge, g2()

with this choice of r:

91() 1
Fri; (x) > FT = Frag(z) >
“ ]1( )_ amaxxeh gl(x) maXger gl(x) C!gl( )_
(1+¢e/2)

maXger, gl(‘/lj)

92()
>2—2 7/ >21 for all L.
g2(x) > m—n (x) for all z € I,

]

2.2.1 Homogeneous case

Proposition 2.2 (Non empty interior in the homogeneous case). IfV(i, ) €
{1,...,M —1}* p;; = p and dimyg E > 1 or equivalently p > 1/M then
Condition A(a) is satisfied for all a € (0, 27).

Proof. Let fo(z) = |-Z.(x)], the length of the line segment through x in with
angle . f is obviously continuous, and
Fof(@)=p) M-|Z.N L[ =M-p- f() > (1+2)f()
(4,9)
as M -p > 1. Which means Condition B(«) is satisfied and so Condition
A(a). O

21
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Using this and the above mentioned result of Falconer and Grimmet we
can conclude that in the homogeneous case the projection almost surely

contains an interval for all angle.

2.3 Hausdorff dimension and empty interior

At this point we can ask the question, whether it is true that Mandelbrot
percolation fractals with Hausdorff dimension greater than 1 has non-empty
interior for almost all realization for all angle. The answer is yes in the
homogeneous case, but in general no if the probabilities are not the same.

Let me show a family of counterexamples.

Example

Let ¥ be a subset of {0,1,..., M —1}x{0,1,..., M —1} and #X > M denote
1 1

A the attractor of ¥ = {F, },ex, where Fy (z,y) = M(m, y)+ M(k’ [). From

[2] we know that

Proposition 2.3. M { #X, than for every fized 7 € [0,7/2) such that

tanT € Q and a € IIYA = [—tanT, 1]

log #X

dimp %, (a) < log I

— 1 for Lebesgue almost all a € T1Y. (2.5)

Where IIY(z,y) = y — xtan7 the projection to the y-axis with angle
7 and %, (a) is the intersection of the line through a with angle 7 and A.
Construct E in the way that M/#Y < 1 and V(i,j) € ¥ p;; = p and

M
otherwise p; ; = 0, where p > —— i.e. dimy £/ > 1. Following the proof in

S

[11] T will show that for any 7 € [0,7/2) such that tanT € Q Jp, > 7
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CHAPTER 2. ORTHOGONAL PROJECTION OF THE SET E

M
such that for ﬁ < p < p, the projected percolation set IIY(F) has empty

interior almost surely. By Proposition 2.3 for Lebesgue almost all a € I1¥(1)

1 /M1 —
dimp % (a) = o((# lég]é ) for e, > 0. Let Ayqp = {(in, jn) € X
L)L, NA# 0} and Nygn = #Aan and Eron = E N Argpn. As

log N7.4n

converges to the box dimension of the set 9n depending on 7, a s.t.

log M™
Yn >n
log N: o.n, - log(#X/M(1 —e,)(1+¢€,))
log M™ log M
Yi\n
Nram < (#ﬁ) (1—e,)"
]E(#g‘r,a,n) < N‘r,a,npn
1
the last expression tends to zero if p < ﬁm From the Markov

inequality for all 6 > 0:

E(#g‘r,a,n) < N‘r,a,npn
) )

— 0 as n tends to oo

P(#Ean >0) <

which means that the number of squares project to a for almost all a in I1¥]

tends to 0, so the interior will be empty.
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Chapter 3

Projection of the natural

measure

3.1 Projection of a measure

B,

Recall that the natural measure on F, is p, = o (Ey) and on E p =
2 n
Ao| B,
lim,, 3 2(’E ] regular measures on the Borel sets of R? supported on £, and F
2 n

respectively. It is possible to define the projection of measures, as the push
forward measure by the measurable function — with respect to the Borel sigma
algebra — proj, : I — proj,(I). Where proj,(z,y) = x cos(a) +ysin(a). The
projected measure will be the following: VA € B(proj.(I)):

projiu(A) = p(proj, ' (A))

Denote the projected measure with pu. As p and p, are Radon or regular
measures /i, and p& are Radon measures too (A proof can be found in [6, page

16]). Our goal in this section is to show cases when this projected measure
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CHAPTER 3. PROJECTION OF THE NATURAL MEASURE

is absolute continuous with respect to the Lebesgue measure, moreover to

show that the density is Holder continuous.

3.2 Homogeneous case

As I mentioned above the Mandelbrot percolation set with homogeneous
probabilities has a.s. not empty interior in the case when dimy E > 1. And
as Peres and Rams show the projected measure is also absolutely continuous
with respect to the Lebesgue measure and also Holder continuous in every
direction except the vertical and horizontal one. More precisely Peres and

Rams prove the following theorem.

Theorem 3.1. Assume Mp > 1. If E is non-empty then almost surely all the
projections u* =proj, p are absolutely continuous with respect to the Lebesgue
measure. Moreover, almost surely the density of u® s Holder continuous for
a # 0,7/2. For the horizontal and vertical projections the density of the
projected measure will in general be undefined at the M-adic points, but it

will almost surely be Holder continuous in the metric
p(z,y) = exp(—log M -min{l : Im :x < mM~" < y})
everywhere except at the M-adic points.

Recall that W = lim,,_,, E(#E&1) "#&,, in the homogeneous case W =

- Ao |Ey o
lim,, oo (M?p)~"#E,,. In that case fi = lim,, o LW In our case it is better
pn
)\ZIEn . ~ . .
to use p, = which converges to = W, because it has an important
pn

property which has a key role in proving absolute continuity, namely that it
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CHAPTER 3. PROJECTION OF THE NATURAL MEASURE

is a martingale with respect to the sigma algebra generated by the survival
set &,:
E(pni1 | En) = pin- (3.1)

To see that it is true consider the following:

E(MnJrl ‘ 5 Z Z )\2’IZ7L A2 i, _ pfnfl Z p'>‘2uin,jn —

(’Ln ]n)egn k=1 (inyjn)egn

Xo| E
pn

Note that this does not hold in general when the probabilities are not the
same. Now focus on the projected measure u$. As it is absolutely continuous
with respect to the Lebesgue measure it has a density function ¥, which

also has a martingale property. The first part of the proof is an estimation
of 4, (x) with 5 ().

N | Z(z) N E,|
Yn(z) = o

Where %, (z) is proj,!(z) the line through = with angle . Define a random

(3.2)

variable, the length of the intersection of the line segment £, (z) and ; ; ; ;
if i,3,j J € Epta:

Y(@'n,in;x;a = }Z Li g ﬂEnH} (3.3)

1
p—n—l

Y(g’n,l’n; T, ) (3.4)
(i, ) EER

yffﬂ(w) =

Proposition 3.1. Let X; be a family of independent bounded random vari-
ables with E(X;)=0 and || X;|| = sup,|Xi|(w) < 1. If S = > X; and
I' =Y ||X;|| then for all a > 0:

P(S > a) < exp(—a?/2T) (3.5)
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CHAPTER 3. PROJECTION OF THE NATURAL MEASURE

Proposition 3.2. There exist C7 > 0 and v < 1 such that the following

statements are true.
(i) If z, o, &, satisfy y&(x) > 1 then

o a —-n —n(, N n, o n/
Py (@) < y(z) +p "M (p" M yo (2))?E,) > 1 — Cry D™

(ii) If x,a, &, satisfy yo(x) < (pM)™? then

Py () @)l < M) ™PlE) > 1 - Cyy ™

Proof. For the first part: if we choose X; ; = M"(Y(z,,j ;% ) — pl-ZL5 N
Ilnln’)/ﬂ and a = 1/v/2p(p" M™y%(x))?/? the assertion follows from Propo-
sition 3.1. And for the second part choose a = 1/4/2p(pM)®"/. For more
details see [8, page 544] O

3.2.1 Horizontal and vertical projections

The case of the horizontal and the vertical projection is the same by symmet-
rical reasons, so consider the vertical projection. Let K; denote the M-adic
interval with length M ™" and with index 7,,. In the vertical case yZ{/ ?  which
in this section I will denote with g, — is constant on the M-adic intervals of
level n, so let y;,(i,,) = yn(z) if z € K; .

Let Ny be the smallest number for which

L+ (pM)=™7 < (pM)'® (3.6)

holds. This Ny surely exists, as pM > 1, so for a large Ny (pM)~No/3 is
close to 0 and also (pM)'/® is still greater than 1. As 1 4 (pM)—>No/3 <
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CHAPTER 3. PROJECTION OF THE NATURAL MEASURE

1+ (pM)~MN/3 < (pM)'/® < (pM)M/*
L+ (pM) >/ < (pM)'/* (3.7)
also holds.

Proposition 3.3. If N > Ny and yy(iy) < (pM)'* than for all z € K;

m/3

P(Vn = N [yni1(2) = ya(2)] < (pM)70lEN) 2 1= Cr Y AP (3.8)

m=N

and also

P(Vn > N Vz € K, [yns1(z) — yn(2)| < (pM)_"/6|€N) >

>1—C1 ) Mm=Ny@™E o (3.9)

m=N
Proof. From the second part of Proposition 3.2 we know that if yy(z) <
(pM)N® then P(lyfy (2) — ()| > (pM)™N/|En) < Cry®™™. Let @,

be the event that the event above happens for all n up to k, namely

Qr=1{n=N,... .k [yosi(2) = ya(2)| < (pM) "%}

and (o the event in the proposition.

P(Q%IEN) = P(QYIEN) +P(Qn N Q%Y1 [EN)+

+P(Qn N Qi1 N Qvpalén) + -+ < Py (@) —yw(@)] > (pM) )+

P (Jynsa(@) —yna (@)] > (PM)-NOIQNNEY) 4o < G S A0
m=N

The last inequality holds because we can use Proposition 3.2 as if Q)5 happens,

then for & + 1 yep(i40) < (pM)ED/ as [y (2) — ws(a)] < (pM) ™M so

28



CHAPTER 3. PROJECTION OF THE NATURAL MEASURE

ykr1(z) < yi(x) + (pM)7H0 < (pM)M* + (pM) ™6 < (pM)*F+D/4. The
last inequality holds because k > Ny so 1+ (pM)~%*/12 < (pM)'/*, which
multiplied with (pM)*/* gives the inequality. The proof of the second part
is similar, only it has to happen for all n and for all M™"" sequences i,

beginning with 7. O

Proposition 3.4. There exist an L > 1 such that for all n > LNy and for
all x: .
P(ya(z) < (pM)"4) > 1 -0y Y A",
m=n/L

Proof. There will be three time periods. The first period, when m € [0, No|,
will be out of our interest. For the second period, m € [Ny, lo] ym(x) might
be large, but we will show that 1/mlog,\s ym(z) will be decreasing, and
eventually decreasing below 1/4. For the third period, when m > ly y,,(x) <
(pM)™/* and thus we can apply Proposition 3.3.

Start with the second period: if yy, < (pM)™0/% then the second period does
not exist and we can jump to the third period immediately. If yy, > (pM)™o/4
then the second period exist, and as long as y,,(z) > 1 by Proposition 3.2,

and Equation 3.6:

Y (@) + (PM) ™™ (PM) " Y (2))*® = () (1 + (pM) " Py () 71/?)

< Y (@) (pM)"®

so by Proposition 3.2:

P(108, 0 Ym+1(2) < 10801 Y (2) + 1/8) = P(Yms1() < ym(x)(pM)"®)
> P (g1 () < () + (pM) " (DM) "y (1)) = 1 = Ciy 0"
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CHAPTER 3. PROJECTION OF THE NATURAL MEASURE

1
hence log,, s Ym1(z) < log,ns Ym(x) + 3 with high probability. Thus, if the

event in Propoisition 3.1 holds for each m > Ny then:

Yino (%) < Ying—1(2) (pM)HB <o <y (pM)No=/B

| L j2(x) N En,| < 1 hence yn, (z) < p~No

yin () < (pM)NoU=1/Ep=No,

This means that log,, ym(z) < (pM)™® — Nylog,, p therefore eventually
1/mlog,ps Ym(x) will be less than 1/4 (if the events in Proposition 3.2 ii
happens for all m > Ny). Let Iy be the smallest number for which this
happens (y,(7) < (pM)"/*), and define L:

L = [-8log,, p| + 1

AS (pM>LNO/4 Z p72N0(pM)N0/4 > p72N0 — (pM)(Lfl)No/Spro ZO S LNO
From the proof of Proposition 3.2 if N > Ny and yy(z) < (pM)™/* then for

any n > N

P(N <m <n |ymi(2) = ym(2)| < (pM)01EN) > 1 Cy Xn: ohasliiy
" (3a0)
The assertion holds for n > LN, if for all n > m > N, the event in Proposi-
tion 3.2 ii happens, and the event in equation 3.10 holds with N = [, but if

the first event happens up to [y and the second from [y then the first happens
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from ly. From this

P(yn(x) < (pM)"*)

lo—1 n
> max (1 - Z 7(pM)M/3) (1 - Z ’Y(pM)m/g)]
o m=Ng m=lp
R S

m=n/L
Using Propositions 3.3 and 3.4 we can prove the last Proposition of this

section, which leads us to the main result of this section. O

Proposition 3.5. There exists b < 1 such that almost surely there exist
Cy > 0 such that for all x € [0,1] except the M-adic points and for all
N > LNy we have

yn(z) — lim y,(x)| < CybN
n—oo

Proof. It N > LNy then for all 2, for all x € K; for all m > N

P (lov() — (@] > S (p00))

< IP( >~ linte) o)l > 2;V<pM>-“/ﬁ)

N m
D Ry
n=N/L n=N
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If we let m — oo, and taking the complement event then we get:

1
]P(nh_}rrolo yn(z) exists and |yn(x) — nh_)rrolo yn(2)] < W(pM)N/(a)
N 00
210 Y AT =0 YT MY T =y
n=N/L n=N

Let py denote the probability as written above, and y(z) = lim,, o yn ()
when it exists. Also for n > LN, let @, be the event that 3j, x € K,
() = @] > TR eM) 0 As PQu) < MP(1—p,) and
ZZO:LNO M1 —p,) < C4 ZZO:LNO Z::n/L va(pM)mﬁ < o0o. By Borel-
Cantelli Lemma P(lim sup,, @,) = 0 which means that @,, happens for only
finitely many n almost surely, which means, that 3N; such that the event

happens for all M-adic intervals of level greater than N; almost surely. [

As yy(z) is constant on the M-adic intervals of level N for any x,y €
(IMN (1 +1)MN):
ly(z) = y(y)| < 200"

3.2.2 The general case

The main part of this section is to prove a similar statement as in Proposi-
tion 3.4 with a difference that the statement must hold for all o € (0, 7/2)
directions (just these, again because of the symmetry), as the statement is
similar, we are going to use the same tool-box only with a little modification.
The essence of the method is similar to the method seen in the last chapter,
in the proof by Simon and Rams, namely we choose finitely many points and
finitely many directions, and use that the points in a small enough neigh-

borhood acts similarly. We need this because unlike the other case, here the
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density functions are not constant on a small interval, also we have a set
of directions not just one. Like in chapter two we change the range of the
projection to the well-known A, this will change the densities, but only with

a multiplicative constant.

Proposition 3.6. There exists b < 1 such that almost surely the following
holds. For every 6 > 0 there exists a C3 > 0 and Ny > 0 such that for
all N > N, for all pairs of points z,y € A, |z —y| < MY~ and for all
a € [0,7/2 — 0] we have

lim g% () — lim g5 (y)| < Csb"
—00

m—00 m

In particular, the limits exist everywhere.

Before the proof, we need some preparation: first of all Y (i,,_1, Jn_1; %, )
is Lipschitz function in z and «, as it is the density function of the pro-
jection of the Lebesgue measure restricted to squares. Let the Lipschitz
constant be in a form of C4d7'/2, where C; is depending on p, M,5. As
Yn(z) =p™ Zz’n,jnea‘?n—l Y (in_1,Jn-1;x, ), and #&, is not greater than 2M",
we have:

[y (2) =y (y)| < 2Cap™"M"6~ |z — y
lyn' () — yp2 (@) < 2Cup™" M"6 ™ o — a (3.11)
Define two sequence: {a,, ;j} C [6,7/2—0] and {x,,;} C A both §C,p°/6 M ~T/6.
dense, and so can be chosen in a way that both contains at most Csé ' p=5%/6 )7/
elements. Let T, ; = {a € [§,7/2 = §] : VI # jlan—a| > |on; — @]}, and also
Wy ={x € AVl #i|z,; — x| > |x,; — x|} These sets covers [d, 7/2 — ]
and A respectively, and Va € T, |a — an;| < §/20,'p*/6M~™/6 and
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Vo € Wy o — zn,] < §/20, p*/6M~™/6. Which implies that 3 Cs > 0
such that Vn > 0Vx €¢ W, , and a € T},, j

[y (@) =y ()| < o (2) =y (@) ||y () =y ()| < Co(pM) ™0
(3.12)
Now let J C A an interval of length M~ if we choose n such that

™  5n 1 Cy
N > F+FIOgM]_9+IOgMT

then the variation of y> in I is — by the Lipschitz property — bounded
above by the Lipschitz constant times the length of the interval, in this
case M~NCyp™™M"5~! which by the definition of n is less than (pM)~"/,
hence for each o the variation of ¢ inside J is not greater than (pM)~"/6,

Thus the next proposition holds:

Proposition 3.7. There exist L', L"” > 0 such that for any N if J C A is

an interval of length M=~ and n < L'N — L" then for each o the variation

of y& in J is not greater than (pM)~"/°.

The next proposition is similar to Proposition 3.3, but we have to change

the value of Ny, namely let Ny be the smallest number for which
L+ (pM) ™"/ 4 2Cs(pM)~No/0 < (pM)'/*
Proposition 3.8. If forn > Ny, j and Yz € J: yn" (z) < (pM)™3, then

P(Ym >n Ve e JVaeT,; |ym () —ym(z)] < (2Cs + 1)(pM)’"/6)

>1-— 010525—2p—5n/3M7n/3 Z /y(pM)m/S

m=n
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Proof. First what we need to do is make a mesh in J x T;, ; with the same
properties as above. In that way at every level we work with a finer and
finer mesh, and also we know what happens at the grid points, and we
can approximate what happens in between them. The first level mesh is

Jng1i X Ty g

{y%ﬂ(x) - y?n(x){ < ’y%-q—l( ) — ym+1 Tinyi) “" {merl (Tmyi) — Yo <$m1)‘

+ yamd (2m) — v (@)
hence for n+1 using equation 3.12 and Proposition 3.2:

P(3z € J 30 € Ty |ysis(x) — y5(x)] > (2Cs + 1) (pM)~/°)

<P(3i 3z € Jpsr, 3k 3o € Ty N Toae Y01 (@) — yn i (2(ngn),0) |

An41, k Qnt1, k Qn+41, k (e}
+ |yn+1 xn—i—l,z) —Yn $n+1 { ‘ + ’y xn,i) —Yn ('IM

> (2Cs + 1)(pM) ")
< P(3wnt1i € Jnrri3o € Toprg|yni i (Tnsra) = yn™ ()| >

<pM)fn/6) < Clc§572p75n/3k7n/37(pM)

n/3

thus, using the method as in the proof of Proposition 3.3 the assumption can

be proven. O

Let N > (LNy+ L")/L and let n = |L'N — L"|. We can choose J;
intervals with length M~ in A such that Vz,y,€ A if |z —y| < M—N-1
then Ji:x,y € J;, the number of these intervals is less than 4M”". Now we
can use Proposition 3.3 and Proposition 3.7 to give a lower bound for the
probability that for all € J; and all o, ; yn™’ (z) is smaller than (pM)"/*

and its variation in .J; is not greater than (pM)~"/%. Namely the lower bound
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18
n

Py =1 — OO0 p /0 m/6 N a0 (3.13)
m=n/L

This needs a little explanation because Proposition 3.3 was stated for the
vertical case. What we do is estimate the probability yn™’ > (pM )4 for a
given oy, ; and then as #{a,, ;} < C56~'p~/6M™/6 the probability that the
complement event happens for all ay, ; will be the one in equation 3.13. Now
we can apply Proposition 3.8 and similarly to the vertical case prove that
with probability

py > 1— 01056_1p_5n/6M7n/6 Z ry(PM)m/S
m=n/L

- 010525—2p—5n/3M7n/3 Z 7(pM)m/3
for all « € [0,7/2 — 6] and z,y € [; lim,, 00 2, () exists and
| lim g (x) = lim 2 (y)] < (pM) 70+ Y (206 + 1) (pM) /"

m—r0o0
m=n

_ (1 T Bt _Q(C;Aj)lw) (M) (3.14)

And as we have 4M?” intervals the probability that the event does not happen
for at least one interval is less than 4M” (1 — py), summing this up, and
using Borel-Cantelli Lemma we have that for every sufficiently large N, the
assertion in Proposition 3.6 holds. As § is arbitrarily close to 0 Theorem 3.1
follows if § € (0,7/2), and in the horizontal and vertical case the statement

of the theorem was proved in the previous section.
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Conclusions

The main part of this thesis was the proof of two statements about the
projection of the Mandelbrot percolation fractal (see Chapter 2), and the
projection of the natural measure in the homogeneous case (see Chapter 3).
The methods in the proofs give us a useful toolbox for considering the proper-
ties of the inhomogeneous Mandelbrot percolation fractal. As we mentioned
before we know a lot about the homogeneous case, but very little about the
inhomogeneous one. A possible way to move on is to consider the abso-
lute continuity of the projection of the natural measure with respect to the

Lebesgue measure in the later case.
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